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• Starting from Teukolsky solutions, use a Hertz potential to generate 
corresponding  or .Aa hab
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Preliminaries:  exterior calculus

• Differential p-form  

• totally antisymmetric

• Wedge product  

• antisymmetrized product

• Exterior derivative  

• antisymmerized derivative;  

• Hodge dual  

•

• Co-differential  

• divergence;  

ωa1…ap
= ω[a1…ap]

(α ∧ β)ab = 2α[aβb]

(dω)ba1…ap
= (p + 1)∇[bωa1…ap]

d2 = 0

(*α)abc = ϵ d
abc αd

* * = ± 1

δ = * d *

δ2 = 0

• Electromagnetism

• 2-form field  

• Maxwell equations 
 
 

• Maxwell potential 1-form   
 
 
 
Automatically 

Fab

Aa

dF = d2A = 0

<latexit sha1_base64="XfTQLF1eaQRkVNNkY9o1k0GTloo="></latexit>

F = dA

<latexit sha1_base64="wUWsFAyyWfLxZoguhEJub4wJydE=">AAACYHicbVDLSgNBEJysrxgfSfSml8GgeAq7IupFCBHEk0QwD8guYXa2E8fMPpiZDYYlv+Z/eBWvCv6Bk2QPZpOGhqK6ursoN+JMKtP8yBlr6xubW/ntws7u3n6xVD5oyTAWFJo05KHouEQCZwE0FVMcOpEA4rsc2u7wbjpvj0BIFgbPahyB45NBwPqMEqWpXqljz24kj2Q0rvMYJh6+x2dZ8habtl3IsrYHXJHV+tdeqWJWzVnhZWCloILSavRKv7YX0tiHQFFOpOxaZqSchAjFKIdJwY4lRIQOyQC6GgbEB+kks8cTfKoZD/dDoTtQeMb+30iIL+XYd7XSJ+pFZmdTctWsG6v+jZOwIIoVBHT+qB9zrEI8jRN7TABVfKwBoYJpr5i+EEGo0qEvXPJGLJKp67e5bZ2RlU1kGbQuqtZV1Xq6rNTqaVp5dIxO0Dmy0DWqoQfUQE1E0Tv6Qt/oJ/dp5I2iUZ5LjVy6c4gWyjj6A1pFunE=</latexit>

dF = 0

�F = j

3



Bivector basis

• Decompose  
 
 
 
 
 
 
 
 

•  are “anti-self-dual”:    

•  are “self-dual”:    

Fab

X, Y, Z * X = iX

X̄, Ȳ, Z̄ * X̄ = − iX̄

<latexit sha1_base64="mqd00P8Zphcr8UZkwSnZGIGJusY=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAIgjDMFFE3QlEQlxXsRdtSMmmmDc1khuSMWIa+hhtfxY0LRVzqyrcxbUfQ1h8CH/85h5Pze5HgGhzny8rMzS8sLmWXcyura+sb+c2tqg5jRVmFhiJUdY9oJrhkFeAgWD1SjASeYDWvfz6q1+6Y0jyU1zCIWCsgXcl9TgkYq513LvApbkY93nZwHR9M0MU3P1jEtyMEdg8Jtak9bOcLju2MhWfBTaGAUpXb+Y9mJ6RxwCRQQbRuuE4ErYQo4FSwYa4ZaxYR2idd1jAoScB0KxlfNsR7xulgP1TmScBj9/dEQgKtB4FnOgMCPT1dG5n/1Rox+CethMsoBibpZJEfCwwhHsWEO1wxCmJggFDFzV8x7RFFKJgwcyYEd/rkWagWbffIdq8OC6WzNI4s2kG7aB+56BiV0CUqowqi6AE9oRf0aj1az9ab9T5pzVjpzDb6I+vzGzwLnMI=</latexit>

F = �0X + �1Y + �2Z + c.c.

<latexit sha1_base64="MicSWnTShFALakWqU1ejsRRdVcU=">AAAB+HicbVBNS8NAEN34WetHqx69LBbBU0lE1GPRi8cK9gOaUDabSbt0dxN2N0oN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemHKmjet+Oyura+sbm6Wt8vbO7l6lun/Q1kmmKLRowhPVDYkGziS0DDMcuqkCIkIOnXB0M/U7D6A0S+S9GacQCDKQLGaUGCv1qxU/JAoL7D9CNABslZpbd2fAy8QrSA0VaParX36U0EyANJQTrXuem5ogJ8owymFS9jMNKaEjMoCepZII0EE+O3yCT6wS4ThRtqTBM/X3RE6E1mMR2k5BzFAvelPxP6+XmfgqyJlMMwOSzhfFGccmwdMUcMQUUMPHlhCqmL0V0yFRhBqbVdmG4C2+vEzaZ3Xvou7dndca10UcJXSEjtEp8tAlaqBb1EQtRFGGntErenOenBfn3fmYt644xcwh+gPn8we3GZJ7</latexit>

m̄ ^ n
<latexit sha1_base64="/oq/Gwo/z/jEnVVJBDEMLk5VElc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0Nwm7G6WE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BE2DDcC24lCKgOBrWB0M/Vbj6g0j6N7M07Ql3QQ8ZAzaqz0ILpP2B8gkb1yxa26M5Bl4uWkAjnqvfJXtx+zVGJkmKBadzw3MX5GleFM4KTUTTUmlI3oADuWRlSi9rPZwRNyYpU+CWNlKzJkpv6eyKjUeiwD2ympGepFbyr+53VSE175GY+S1GDE5ovCVBATk+n3pM8VMiPGllCmuL2VsCFVlBmbUcmG4C2+vEyaZ1XvourdnVdq13kcRTiCYzgFDy6hBrdQhwYwkPAMr/DmKOfFeXc+5q0FJ585hD9wPn8Ah12QOw==</latexit>

l ^m
<latexit sha1_base64="HJm38m19TES+Byg0CV6Mnx3/WAA=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEG8OdiFoGbSwjmA9IjrC3N0mW7O4du3tKCGls/Cs2ForY+h/s/DdukhM08cHA470ZZuaFCWfaeN6Xk1tYXFpeya8W1tY3Nrfc7Z2ajlNFoUpjHqtGSDRwJqFqmOHQSBQQEXKoh/2rsV+/A6VZLG/NIIFAkK5kHUaJsVLb3Ze4dQ9RFzDHx7gVEoXFjyLabtEreRPgeeJnpIgyVNruZyuKaSpAGsqJ1k3fS0wwJMowymFUaKUaEkL7pAtNSyURoIPh5IsRPrRKhDuxsiUNnqi/J4ZEaD0Qoe0UxPT0rDcW//OaqelcBEMmk9SApNNFnZRjE+NxJDhiCqjhA0sIVczeimmPKEKNDa5gQ/BnX54ntZOSf1byb06L5cssjjzaQwfoCPnoHJXRNaqgKqLoAT2hF/TqPDrPzpvzPm3NOdnMLvoD5+Mb5UCW6w==</latexit>

n ^ l � m̄ ^m

Maxwell scalars

 is NP tetrad(l, n, m̄, m)
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Exterior calculus and Teukolsky

• At level of forms, Teukolsky decoupling operator is simply ,𝒮 ≡ ζ−2dζ2

Teukolsky equations

Fackerell-Ipser equation

(related to)
Teukolsky-Starobinski identities

<latexit sha1_base64="E0eabC3y1WIY3CBpeys7U6UfPFM="></latexit>

⇣�2d⇣2�FA = X


1

2
O(�0)

�

+ Y


1

2
⇥a⇥a�1 + (B +B0) ·⇥�1 + 2(B ·B0)�1 + 2 2�1

�

+ Z


1

2
O

0(�2)

�

� X̄⇣�2
�
ð02(⇣2�0) + þ2(⇣2�2)� 2[þ ð0 �⌧ 0 þ+(þ ⌧ 0)� (ð0 ⇢)](⇣2�1)

 

� Ȳ ⇣�2
�
(þ0 ð0 +⌧̄ þ0)(⇣2�0) + (þ ð+⌧̄ 0 þ)(⇣2�2)� [ð ð0 + þ þ0 + . . .](⇣2�1)

 

� Z̄⇣�2
�
þ02(⇣2�0) + ð2(⇣2�2)� 2[þ0 ð+ . . .](⇣2�1)

 

𝒪

ζ = Ψ−1/3
2
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Exterior calculus and Teukolsky

• With , the sourced Maxwell equation is  
 

• In terms of operators on forms, the (electromagnetic) Wald identity is trivial:  
 
 
 
 

• This (and its adjoint) can now be used in reconstruction.

F = dA ≡ 𝒯A

j = δF = δdA ≡ ℰA

<latexit sha1_base64="PzmTzxzWNuXhAcX0nePciTJpuAU="></latexit>

⇣�2d⇣2 � �d = ⇣�2d⇣2� � d

𝒮 ℰ 𝒪 𝒯
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Lorenz-gauge reconstruction

• Source-free case (Dolan, Wardell, Kavanagh) easy using exterior calculus:

• Hertz 2-form 
 

• Automatically Lorenz gauge

• Field strength

<latexit sha1_base64="rv4YHijFbiCZHMbxZLNT/rEJr/U="></latexit>

�A = �2⇣H = 0

<latexit sha1_base64="c2L0l8KvdTq0Qis4ZvNxZImXg38="></latexit>

H = �0X + �2Z
<latexit sha1_base64="0GoknYJZmbqNsbIIcj9tSOK4QAY="></latexit>

�! A = �⇣H

ζ𝒪 anti-self-dual

<latexit sha1_base64="tTiCaIXCna/TCgtji7rYOwHSCmw="></latexit>

F = dA

= d�⇣H

= ⇣�1d⇣2�H+XŁ⇠�0 � ZŁ⇠�2 + Y (C 0
·⇥�0 + C ·⇥�2)

GHP-Lie derivative

7



Lorenz-gauge reconstruction

• If  satisfy TSI, then self-dual part of  vanishes, and  is anti-self-dual. 
Thus, , and 

• Consistent with inversion relations

(Φ0, − Φ2) 𝒪ℋ F
F = − i * F = − i * dA

ζ𝒪 anti-self-dual

<latexit sha1_base64="tTiCaIXCna/TCgtji7rYOwHSCmw="></latexit>

F = dA

= d�⇣H

= ⇣�1d⇣2�H+XŁ⇠�0 � ZŁ⇠�2 + Y (C 0
·⇥�0 + C ·⇥�2)

<latexit sha1_base64="1ZaPEUT0R7VFrYm2J62ur9042Uc="></latexit>

�F = ⇤d ⇤ F = id2A = 0 �! solution
<latexit sha1_base64="AehcufwZ/3Sb1d4ZqUOYfTRKet4="></latexit>

Ł⇠�0 = �0

Ł⇠�2 = ��2

<latexit sha1_base64="rnDjhzrPP7RS0OgWqdMD9mr9IWM="></latexit>

OH =
1

2
XO(�0) +

1

2
ZO0(�2)

� X̄⇣�2
⇥
ð02(⇣2�0) + þ2(⇣2�2)

⇤
� Z̄⇣�2

⇥
þ02(⇣2�0) + ð2(⇣2�2)

⇤

� Ȳ ⇣�2
⇥
(þ0 ð0 +⌧̄ þ0)(⇣2�0) + (þ ð+⌧̄ 0 þ)(⇣2�2)

⇤
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Inclusion of sources

• Suppose we have a Maxwell solution ( , ).

• Hertz potential stays the same  
 

• Potential picks up a corrector 1-form 

• Inversion relations  
 
 
 

• Similar (but more involved) calculation to source-free case.

F j

<latexit sha1_base64="c2L0l8KvdTq0Qis4ZvNxZImXg38="></latexit>

H = �0X + �2Z

<latexit sha1_base64="2eDhXpJU6+FnCmDSrokLi9OA1Os="></latexit>

A = �⇣H+G

<latexit sha1_base64="AehcufwZ/3Sb1d4ZqUOYfTRKet4="></latexit>

Ł⇠�0 = �0

Ł⇠�2 = ��2

<latexit sha1_base64="3AM8A4gL7wUvfPvNRmkgbROa4z4="></latexit>

Ł⇠Gn = ⇣jn

Ł⇠Gl = �⇣jl

Ł⇠Gm = �⇣jm

Ł⇠Gm̄ = ⇣jm̄
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Conclusions

• Nonzero charge current  can be included as a source for Lorenz gauge reconstruction in 
electromagnetism.

• Corrector is related to  via time derivatives.

• Differential forms notation very useful in calculations.

• Next steps: Other Lorenz gauge constructions. (Barry’s talk)

• Next steps: Gravitational case. Can the formalism be adapted? Take bivector components of 
Weyl tensor?

• Next steps: Point particle. Reconstruct field.

• If successful, this should greatly simplify self-force calculations, by enabling use of Teukolsky 
equation in producing Lorenz-gauge metric perturbations.

j

j

Thank You!
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