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Motivation

• Calculate metric perturbations from point sources in 
Kerr in a Teukolsky framework.


• Standard CCK reconstruction fails in the presence 
of sources:


• No first-order solution in the “shadow” of the 
source [Ori (2003)].


• Second-order source nonvanishing 
everywhere �  No solution anywhere.⟹
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EKerr(hab) = Tab
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Teukolsky operator formalism

• In Kerr, the linearized Einstein equation reduces to a separable wave equation for a 
curvature scalar 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Eab(h) = Tab
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Linearized Einstein equation

 about Kerr
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⇥
(þ�4⇢� ⇢̄)(þ0

�⇢0)� (ð�4⌧ � ⌧̄ 0)(ð0 �⌧ 0)� 3 2

⇤
 0
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SE = OT
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Operator identity

Teukolsky operator

T (h) =  0

<latexit sha1_base64="GUAgWaYi66zEMn90ASKUuQwFipI="></latexit>

curvature scalar 
operator

Separable wave equation

O( 0) = OT (h)

= SE(h)

= S(T )

<latexit sha1_base64="8HI+GZ8SpI7oPzVCtrsJteNa1TE="></latexit>
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Hertz potential

• Typically need metric perturbation � , not just Weyl scalar � .


• Adjoint identity: 
 

• Enables metric construction 
in vacuum 
 
 
 
 
 
 

hab ψ0

O
†� = 0
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Eab(h) = 0
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hab = ReS†�
<latexit sha1_base64="BwgqzJzHs9sSZQ2KFCgJdiwgnpY="></latexit>

s=-2 Teukolsky equation


� Hertz potentialΦ =

SE = OT �! ES
† = T

†
O

†
<latexit sha1_base64="3DG3ipmmShEPtBABIiN535NViZ8="></latexit>
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Two problems

1. Inversion �  requires integration of 4th order ordinary differential 
equation, subject to adjoint Teukolsky for � .


2. Vacuum only: �  in ingoing radiation gauge (IRG), and 

ψ0 → Φ
Φ

hab

� Hertz potential: O
†(�) = 0

hab metric perturbation: Eab(h) = 0

 0 Weyl scalar: O( 0) = 0

<latexit sha1_base64="EaYmJy6oM3L5GDZOc32OTh4Pirg="></latexit>

T ReS†� =  0

<latexit sha1_base64="88MVG5fFEBD8MserdmlXyoodJks="></latexit>

T

<latexit sha1_base64="1P+cawRevwgqt8bBA3kkwsCAyHg="></latexit>

S†

<latexit sha1_base64="s9FoFoYbaZXjFSrc2SP+FfEr6lE="></latexit>
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Ell(hIRG) = 0

<latexit sha1_base64="ZjHIWvjYiVTdH6ZVZWvXMJpvKy8="></latexit>



Main result

• We show that �  satisfying                          can be decomposed ashab Eab(h) = Tab
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hab = L⇠gab + ġab + xab +ReS†
ab�

<latexit sha1_base64="G1PLHtebvFzjU8bu+QloQs61rzw="></latexit>

Hertz potential satisfying Teukolsky 
equation with source 

gauge

zero mode

 “corrector” tensor:  

• obtained by integrating 3 decoupled 
ordinary differential equations along 
outgoing principal null directions

�6



Sketch of proof

1. Make a gauge transformation to set �  (always possible).


2. Pick �  to cancel off problematic components of �  , 
 
 

• Ansatz


• Obtain nested set of ODEs along � :


(i)

hablb = 0

xab Tab

la

(Tab � Eab(x)) lb = 0
<latexit sha1_base64="znsGCMt8mweuVwVpxGZtYuTz1zs="></latexit>

{þ(þ�⇢� ⇢̄) + 2⇢⇢̄}xmm̄ = Tll
<latexit sha1_base64="qF20xRrcgj3BZnDVlQcnQdAMRAs="></latexit>

�! obtain xmm̄
<latexit sha1_base64="vzw6fSPNEXNanADQm12cMfdCNVc="></latexit>
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xab = 2m(am̄b)xmm̄ � 2l(am̄b)xnm � 2l(amb)xnm̄ + lalbxnn

<latexit sha1_base64="BykhUk+3RORAX+69x05RDVc1BzM="></latexit>



Sketch of proof

(ii)  
 
 
 
 

(iii)

1

2
{þ(þ�2⇢) + 2⇢̄(⇢� ⇢̄)}xnm

= Tlm � 1

2
{(þ+⇢� ⇢̄)(ð+⌧̄ 0 � ⌧) + 2⌧̄ 0(þ�2⇢)� (ð�⌧ � ⌧̄ 0)⇢̄+ 2⇢⌧}xmm̄.

<latexit sha1_base64="yhBd76U3Y4BWEu0Pkg4BauWQu1c="></latexit>

�! obtain xnm
<latexit sha1_base64="CZLAZnXVcN29X1+iqOBvF1t9KuU="></latexit>

1

2
{⇢(þ�⇢) + ⇢̄(þ�⇢̄)}xnn

=Tln � 1

2
{(ð0 +⌧ 0 � ⌧̄)(ð�⌧ + ⌧̄ 0) + (ð0 ð�⌧⌧ 0 � ⌧̄ ⌧̄ 0 + ⌧ ⌧̄)� ( 2 +  ̄2)

+ (þ0 �2⇢0)⇢̄+ (þ�2⇢̄)⇢0 + ⇢(3 þ0 �2⇢̄0) + ⇢̄0(3 þ�2⇢)

� 2 þ0 þ+2⇢⇢̄0 + 2 ð0(⌧)� ⌧ ⌧̄}xmm̄

� 1

2
{(þ�2⇢)(ð0 �⌧̄) + (⌧ 0 + ⌧̄)(þ+⇢̄)� 2(ð0 �⌧ 0)⇢� 2⌧̄ þ}xnm

� 1

2
{(þ�2⇢̄)(ð�⌧) + (⌧̄ 0 + ⌧)(þ+⇢)� 2(ð�⌧̄ 0)⇢̄� 2⌧ þ}xnm̄

<latexit sha1_base64="3YRhmrZdR4OTSNK/6e/BHH3j3Ps="></latexit>

�! obtain xnn
<latexit sha1_base64="cGV4qHuCZJtaZc6/+Kg2JuioSGM="></latexit>
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Sketch of proof

3. Redefine 
 
Then:   �     and  
 
 

4. Assume �  smooth with compact support, and �  retarded solution. 
 
 
 
 

Metric is in IRG automatically!

hablb = 0

Tab hab

hab ! hab � xab
<latexit sha1_base64="kUTC+faKYVrm57XCRVhS7apEkZE="></latexit>

Eab(h) = Sab ⌘ Tab � Eab(x)
<latexit sha1_base64="AUlKJmDwD8CNQorP2VJDJTmxfT8="></latexit>

�9

Sablb = 0

0 = Ell(h)
= (þ�2⇢)(þ+⇢� ⇢̄)hmm̄

=) hm̄m = 0 everywhere

<latexit sha1_base64="UWoLOPl8qw4/cR7ny41xh7b+LmE="></latexit>

vanishes 
at !ℋ−



Sketch of proof

5. Finally, show  
 
 
for some Hertz potential � . 
 
I.e.,

Φ
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hab = ReS†
ab�

<latexit sha1_base64="OIMZJ9mWWNK4yTz5FC0EaW/y66A="></latexit>

hm̄m̄ = �1

2
(þ�⇢)(þ+3⇢)�,

hm̄n = �1

4
{(þ�⇢+ ⇢̄)(ð+3⌧) + (ð�⌧ + ⌧̄ 0)(þ+3⇢)}�,

hnn = �1

2
(ð�⌧)(ð+3⌧)�+ c.c.

<latexit sha1_base64="oHXhbsBDr0IZBqUE7DxTc7c70e0="></latexit>

solve this ODE first for �Φ

these hold near �  automatically, and 
everywhere by similar arguments to previous slide

ℋ−



Teukolsky equation for !Φ
• We established the decomposition, 
 
 
 
Apply Einstein operator and use operator identity, 
 

• Thus                       with source satisfying


• Obtain �  by integrating �  component,η m̄m̄

hab = L⇠gab + ġab + xab +ReS†
ab�

<latexit sha1_base64="G1PLHtebvFzjU8bu+QloQs61rzw="></latexit>

O
†� = ⌘

<latexit sha1_base64="8+6J8mW00H21cAKqhPON9tN5cIs="></latexit>

Re T †
ab⌘ = Sab

<latexit sha1_base64="UMd5igPYdYqx/Mb8ODsqjuwUfnU="></latexit>
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=) Re T †
abO

†� = Sab

<latexit sha1_base64="1zBMNbPwoCt05kIbTWtUKuOUKwo="></latexit>

1
4 (þ�⇢)(þ�⇢)⌘ = Sm̄m̄

<latexit sha1_base64="u6XMDYk7FNSaomedkbrEUeHlzDA="></latexit>



Summary

• To obtain metric perturbation solving                        


1. Integrate 3 ODEs along outgoing null geodesics 
 to obtain corrector tensor � .


2. Integrate 1 ODE along outgoing null geodesics 
to obtain source � .


3. Solve adjoint Teukolsky equation


4. Set


• Alternatively, start with Teukolsky equation for Weyl scalar � , obtain �  by 
integrating radial ODE, and add corrector tensor at the end.

xab

η

ψ0 Φ

Eab(h) = Tab
<latexit sha1_base64="kLtYl9ko+Ee2FHc21+pQd0AZGvI=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIdVMSK14WQlEElxV6gzaEyXTSDp1MwsxEKCEbN76KGxeKuPUd3Pk2TtIiav1h4OM/5zDn/F7EqFSW9WnMzS8sLi0XVoqra+sbm+bWdkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3ugqq7fviJA05A01jogToAGnPsVIacs193oBUkOMWHKdugny0vLwEF7ARs6uWbIqVi44C/YUSmCqumt+9PohjgPCFWZIyq5tRcpJkFAUM5IWe7EkEcIjNCBdjRwFRDpJfkUKD7TTh34o9OMK5u7PiQQFUo4DT3dmO8u/tcz8r9aNlX/mJJRHsSIcTz7yYwZVCLNIYJ8KghUba0BYUL0rxEMkEFY6uGIewnmmk++TZ6F1VLGrlertcal2OY2jAHbBPigDG5yCGrgBddAEGNyDR/AMXowH48l4Nd4mrXPGdGYH/JLx/gWr65gr</latexit>

O
†� = ⌘

<latexit sha1_base64="8+6J8mW00H21cAKqhPON9tN5cIs="></latexit>

hab = xab +ReS†
ab�

<latexit sha1_base64="KxnemRR+J3buSR7wklPcsoHis18="></latexit>
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Comments

• Assumptions on � :


• Proof follows also for distributional �  (e.g., point 
particle).


• Compact support can be relaxed to sufficiently 
fast decay at � .


• Point particle: Algorithm gives distributional solution to 
linearized Einstein, in contrast to standard approaches 
that fail along distributional string. (Peter’s talk, next)


• Other applications to quasinormal mode interactions, 
perturbative quantum gravity.

Tab

Tab

ℋ−
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