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We develop a new, mathematically precise framework for treating the effects of nonlinear phenomena

occurring on small scales in general relativity. Our approach is an adaptation of Burnett’s formulation of

the shortwave approximation, which we generalize to analyze the effects of matter inhomogeneities as

well as gravitational radiation. Our framework requires the metric to be close to a background metric, but

allows arbitrarily large stress-energy fluctuations on small scales. We prove that, within our framework, if

the matter stress-energy tensor satisfies the weak energy condition (i.e., positivity of energy density in all

frames), then the only effect that small-scale inhomogeneities can have on the dynamics of the

background metric is to provide an effective stress-energy tensor that is traceless and has positive energy

density—corresponding to the presence of gravitational radiation. In particular, nonlinear effects produced

by small-scale inhomogeneities cannot mimic the effects of dark energy. We also develop perturbation

theory off of the background metric. We derive an equation for the long-wavelength part of the leading

order deviation of the metric from the background metric, which contains the usual terms occurring in

linearized perturbation theory plus additional contributions from the small-scale inhomogeneities. Under

various assumptions concerning the absence of gravitational radiation and the nonrelativistic behavior of

the matter, we argue that the short-wavelength deviations of the metric from the background metric near a

point x should be accurately described by Newtonian gravity, taking into account only the matter lying

within a homogeneity length scale of x. Finally, we argue that our framework should provide an accurate

description of the actual universe.
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I. INTRODUCTION

It is generally believed that our universe is very well
described on large scales by a Friedmann-Lemaı̂tre-
Robertson-Walker (FLRW) model. However, on small
scales, extremely large departures of the mass density
from FLRW models are commonly observed, e.g., on
Earth,1 we have ��=�� 1030. Nevertheless, common
sense estimates [1,2] suggest that (a) the deviation of the
metric (as opposed to mass density, which corresponds to
second derivatives of the metric) from a FLRW metric is
globally very small on all scales except in the immediate
vicinity of strong field objects such as black holes and
neutron stars, and (b) the terms in Einstein’s equation
that are nonlinear in the deviation of the metric from a
FLRW metric are negligibly small as compared with the
linear terms in the deviation from a FLRWmetric except in
the immediate vicinity of strong field objects. These
common-sense estimates together with the fact that the
motion of matter relative to the rest frame of the cosmic
microwave background is nonrelativistic strongly suggest
that (1) the large-scale structure of the universe is well
described by a FLRW metric, (2) when averaged on scales
sufficiently large that j��=�j � 1—i.e., scales of order

100 Mpc in the present universe—the deviations from a
FLRW model are well described by ordinary FLRW linear
perturbation theory, and (3) on smaller scales, the devia-
tions from a FLRW model (or, for that matter, from
Minkowski spacetime) are well described by Newtonian
gravity—except, of course, in the immediate vicinity of
strong field objects.
The above assumptions underlie the standard cosmo-

logical model, which has been remarkably successful in
accounting for essentially all cosmological phenomena.
Thus, there is good empirical evidence that assumptions
(1)–(3) are at least essentially correct. Nevertheless, the
situation is quite unsatisfactory from the perspective of
having a mathematically consistent theory wherein the
assumptions and approximations are justified in a system-
atic manner. Indeed, it is not even obvious that assumptions
(1)–(3) are mathematically consistent [3,4]. In particular,
nonlinear effects play an essential role in Newtonian dy-
namics, e.g., the fact that the Earth orbits the Sun arises
from Einstein’s equation as a nonlinear effect in the devia-
tion of the metric from flatness. It is clear that one would
get an extremely poor description of small-scale structure
in the universe if one neglected the nonlinear terms in
Einstein’s equation in the deviation of the metric from a
FLRW model; for example, galaxies would not be bound.
But if one cannot neglect nonlinear terms in Einstein’s
equation on small scales, how can one justify neglecting
them on large (i.e., �100 Mpc or larger) scales? In
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addition, since it is not clear exactly what approximations
are needed for assumptions (1)–(3) to be valid, it is far from
clear as to how one could go about systematically improv-
ing these approximations.

Indeed, it is far from obvious, a priori, that nonlineari-
ties associated with small-scale inhomogeneities could not
produce important effects on the large-scale dynamics of
the FLRWmodel itself, as has been suggested by a number
of authors [5–17] as a possible way to account for the
effects of ‘‘dark energy’’ without invoking a cosmological
constant, a new source of matter, or a modification of
Einstein’s equation. In fact, the example of gravitational
radiation of wavelength much less than the Hubble scale
illustrates that it is possible, in principle, for small-scale
inhomogeneities in the metric and curvature to affect large-
scale dynamics. The dynamics of a FLRW model whose
energy content is dominated by gravitational radiation
will be very different from one with a similar matter
content but no gravitational radiation. It is the nonlinear
terms in Einstein’s equation associated with the short-
wavelength gravitational radiation that are responsible
for producing this difference in the large-scale dynamics.
Although common-sense estimates indicate that similar
effects on large-scale dynamics should not be produced
by nonlinear effects of small-scale matter inhomogeneities
in our universe, it would be very useful to have a systematic
and general approach that can determine exactly what
effects small-scale inhomogeneities can and cannot pro-
duce on large-scale dynamics.

The main approach that has been taken to investigate the
effects of small-scale inhomogeneities on large-scale dy-
namics has been to consider inhomogeneous models, take
spatial averages to define corresponding FLRW quantities,
and derive equations of motion for these FLRW quantities
[18,19]. Since, in particular, the spatial average of the
square of a quantity does not equal the square of its spatial
average, the effective FLRW dynamics of an inhomoge-
neous universe will differ from that of a homogeneous
universe. However, a major difficulty with this approach
is that, when the deviations of the metric from that of a
FLRW background are not very small, it is not obvious
how to interpret the averaged quantities in terms of ob-
servable quantities. For example, if the total volume of a
spatial region is found to increase with time, this certainly
does not imply that observers in this region will find that
Hubble’s law appears to be satisfied. Further serious diffi-
culties with this approach arise from the fact that the notion
of averaging is slicing dependent and the average of tensor
quantities over a region in a nonflat spacetime is intrinsi-
cally ill defined. In addition, the equations for averaged
quantities that have been derived to date are only a partial
set of equations—they contain quantities whose evolution
is not determined—so it is difficult to analyze what dy-
namical behavior of the averaged quantities is actually
possible. This difficulty is well illustrated by a recent paper

of Buchert and Obadia [20], where they suggest that infla-
tionary dynamics may be possible in vacuum spacetimes.
However, this conclusion is drawn by simply postulating
that a particular functional relation holds between certain
averaged quantities under dynamical evolution. In fact,
Einstein’s equation controls the dynamical evolution of
these quantities—so one is not free to postulate additional
relations—but the restrictions imposed by Einstein’s equa-
tion are not considered.
The main purpose of this paper is to develop a frame-

work that allows us to consider spacetimes where there can
be significant inhomogeneity and nonlinear dynamics on
small scales, yet the framework2 is capable of describing
‘‘average’’ large-scale behavior in a mathematically pre-
cise manner. We seek a framework wherein the approxi-
mations are ‘‘controlled’’ in the sense that they can be
shown to hold with arbitrarily good accuracy in some
appropriate limit. The results obtained within this frame-
work will thereby be theorems, and the only issue that can
arise with regard to the applicability of these results to the
physical universe is how close the physical universe is to
the limiting behavior of the theorems, in which the results
hold exactly.
The situation that we wish to describe via our frame-

work is one in which there is a ‘‘background spacetime

metric,’’ gð0Þab , that is supposed to correspond to the metric

‘‘averaged’’ over small-scale inhomogeneities. In the case

of interest in cosmology, gð0Þab would be taken to be a metric

with FLRW symmetry, but our framework does not require

this choice, and no restrictions will be placed upon gð0Þab

until Sec. IV. The difference, hab � gab � gð0Þab , between

the actual metric gab and the background metric is assumed
to be small everywhere. This precludes the existence of
strong field objects such as black holes and neutron stars,
but even if such objects are present, by replacing these
objects with weak field objects of the same mass, our
framework should give a good description of the universe
except in the immediate vicinity of these objects. However,
even though our framework requires hab to be small,
derivatives of hab (say, with respect to the derivative op-

eratorra of the background metric gð0Þab) are not assumed to

be small. Specifically, quadratic products of rchab are

allowed to be of the same order as the curvature of gð0Þab .

Thus, a priori, such terms are allowed to make a significant

contribution to the dynamics of gð0Þab itself. Finally, no

restrictions are placed upon second derivatives of hab.
In particular, if matter is present, the framework allows
��=� � 1.

2Our framework will have some significant similarities to the
approach of [21] (see also [22]), but our assumptions will be
considerably more general and our results will have considerably
wider applicability. Our assumptions also will be stated much
more precisely. In addition, we will develop perturbation theory
within our framework.
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How can one formulate a mathematically precise
framework where approximations such as the smallness

of hab ¼ gab � gð0Þab are controlled in the sense that limits

can be taken where they hold with arbitrarily good accu-
racy? The basic idea is to consider a one-parameter family
of metrics gabð�Þ that has appropriate limiting behavior as
� ! 0. To illustrate this idea, consider the much simpler
case of ordinary perturbation theory, wherein one wishes to

describe a situation where not only is gab � gð0Þab small, but

all of its spacetime derivatives are correspondingly small.
To describe this in a precise way, we can consider a one-
parameter family of metrics gabð�; xÞ that is jointly smooth
in the parameter � and the spacetime coordinates x. The
limit as � ! 0 of this family of metrics clearly exists

and defines the background metric gð0ÞabðxÞ ¼ gabð0; xÞ. If
we assume that gabð�Þ satisfies Einstein’s equation for

all � > 0, it follows immediately that gð0Þab also satisfies

Einstein’s equation. The first order perturbation, �ab, of

gð0Þab is defined to be the partial derivative of gabð�Þ with
respect to �, evaluated at � ¼ 0. It satisfies the linearized
Einstein equation, which is derived by taking the partial
derivative with respect to � of Einstein’s equation for
gabð�Þ, evaluated at � ¼ 0. More generally, the nth order

perturbation, �ðnÞ
ab , of g

ð0Þ
ab is defined to be the nth partial

derivative of gabð�Þ with respect to � evaluated at
� ¼ 0, and the equation it satisfies is derived by taking
the nth partial derivative with respect to � of Einstein’s
equation. The perturbative equations for the metric
perturbation at each order hold rigorously and exactly. Of
course, the issue remains as to how accurately an nth
order Taylor series approximation in � describes a
particular metric gabð�Þ for some small but finite value of
�. This issue may not be easy to resolve in any specific
case. Nevertheless, even if the accuracy of the Taylor
approximation cannot be fully resolved, it is far more
satisfactory mathematically to derive rigorous results for
the perturbative quantities than to make crude arguments

about gab based on the assumption that hab ¼ gab � gð0Þab

is ‘‘small.’’
To obtain a mathematically precise framework that can

be applied to describe situations relevant for cosmology,
we also wish to consider a one-parameter family of metrics

gabð�Þ that approaches a smooth background metric gð0Þab as

� ! 0. However, we do not want to require that first
spacetime derivatives of

habð�Þ � gabð�Þ � gð0Þab (1)

go to zero as � ! 0. Indeed, in order to capture the effects
we are interested in, it is essential that, a priori, the frame-
work allow quadratic products of derivatives of habð�Þ to
be of the same order as the curvature of gð0Þab in the limit as

� ! 0. This suggests that we should consider a one-
parameter family wherein, as � ! 0, the deviations of

gabð�Þ from gð0Þab simultaneously become of smaller ampli-

tude and shorter wavelength, in such a way that first space-
time derivatives of habð�Þ remain bounded but do not
necessarily go to zero. If habð�Þ ! 0 as � ! 0 but space-
time derivatives of habð�Þ do not go to zero, then it is easy
to see that spacetime derivatives of habð�Þ cannot converge
pointwise (i.e., at fixed spacetime points) as � ! 0.
However, spacetime derivatives of habð�Þ will automati-
cally go to zero when suitably averaged over a spacetime
region; more precisely, their ‘‘weak limit’’ exists and van-
ishes. Similarly, although we cannot require that quadratic
products of first spacetime derivatives of habð�Þ approach a
limit at fixed spacetime points as � ! 0, it is mathemati-
cally consistent to require that the weak limit of these
quantities exists. As we shall see in the next section, a
certain combination of weak limits of quadratic products of
first spacetime derivatives of habð�Þ acts as an ‘‘effective
stress-energy tensor,’’ which affects the dynamics of the

background metric gð0Þab . In this way, the possible effects on

FLRW dynamics of small-scale inhomogeneities—which
are required to be of small amplitude in the metric but may
be of unbounded amplitude in the mass density—can be
studied in a mathematically precise manner.
In fact, the issues we confront in attempting to treat the

effects of small-scale mass density fluctuations in cosmol-
ogy are very similar to the issues arising when one attempts
to treat the self-gravitating effects of short-wavelength
gravitational radiation. In the latter case, one is interested
in considering a situation where the amplitude of the
gravitational radiation relative to some background metric

gð0Þab is small, but the effective stress-energy tensor of the

gravitational radiation—i.e., products of first spacetime

derivatives of (gab � gð0Þab)—is comparable to the curvature

of gð0Þab . A ‘‘shortwave approximation’’ formalism was de-

veloped by Isaacson [23,24] (see also pages 964–966 of
[25]) to treat this situation. The shortwave approximation
was put on a rigorous mathematical footing by Burnett

[26], who derived the equations satisfied by gð0Þab by con-

sidering a one-parameter family of metrics gabð�Þ with
suitable limiting behavior. In this paper, we shall general-
ize Burnett’s formulation of the shortwave approximation
by allowing for the presence of a nonvanishing matter
stress-energy tensor3 Tab. By following Burnett’s ap-
proach, we shall derive an equation for the ‘‘background

metric,’’ gð0Þab , which takes the form of Einstein’s equation

with an averaged matter stress-energy tensor and an addi-
tional ‘‘effective stress-energy’’ contribution arising from
the small-scale inhomogeneities.
One of the main results of our paper, proven in the

analysis of Sec. II, is that if the true matter stress-energy

3A generalization of the Isaacson formalism to include matter
under Newtonian assumptions was previously considered by
Noonan [27].
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tensor Tab satisfies the weak energy condition (i.e., if the
energy density is positive in all frames), then the effective

stress-energy tensor appearing in the equation for gð0Þab must

be traceless and must have positive energy density—just as
in the vacuum case.4 In other words, no new effects on
large-scale dynamics can arise from small-scale matter
inhomogeneities; the only effects that small-scale inhomo-
geneities of any kind can have on large-scale dynamics
corresponds to having gravitational radiation present. Our
analysis makes no assumptions of symmetries of the back-

ground metric gð0Þab and makes no assumptions about the

matter stress-energy tensor Tab other than that it satisfies

the weak energy condition. However, if gð0Þab is assumed to

have FLRW symmetry, then our results establish that,
within our framework, the only effect that small-scale
inhomogeneities can have on FLRW dynamics corre-
sponds to the additional presence of an effective P ¼ 1

3�

fluid with � � 0. In particular, within our framework,
small-scale inhomogeneities cannot provide an effective
source of dark energy.

In cosmology, in addition to analyzing the dynamics of
the background FLRW spacetime, one is interested in
analyzing the deviations from the FLRW background. In
Sec. III, we undertake a general analysis of perturbation
theory within our framework. It is not straightforward
to do this because gabð�Þ is not differentiable in � at
� ¼ 0, so there is no notion of a ‘‘linearized metric per-
turbation’’ in our framework. However, the weak limit as

� ! 0 of ½gabð�Þ � gð0Þab�=� may exist, and, under the

assumption that it does, this limit defines a quantity �ðLÞ
ab ,

which corresponds closely to what is called the ‘‘long-
wavelength part’’ of the metric perturbation in other analy-
ses (see, e.g., [28]). We also write

hðSÞab ð�Þ � habð�Þ � ��ðLÞ
ab (2)

and refer to hðSÞab as the ‘‘short-wavelength part’’ of the

deviation of the metric from a FLRW model. (Note that

in our framework, hðSÞab and �ðLÞ
ab have precise mathematical

definitions.) Our goal is to derive the equations satisfied by

�ðLÞ
ab as well as to determine hðSÞab ð�Þ to accuracy Oð�Þ. This

will yield the spacetime metric to accuracy Oð�Þ.
In Sec. III, we will systematically derive the equations

satisfied by �ðLÞ
ab and hðSÞab ð�Þ in a completely general con-

text. By taking the weak limit of 1=� times the difference
between the exact Einstein equation for gabð�Þ and the

effective Einstein equation for gð0Þab , we obtain an equation

for �ðLÞ
ab corresponding to that arising in ordinary linearized

perturbation theory. However, in addition to the familiar
terms appearing in ordinary linearized perturbation theory,
this equation contains additional ‘‘source terms’’ arising

from hðSÞab and, if gravitational radiation is present in the

background spacetime, this equation also contains addi-

tional terms linear in �ðLÞ
ab and quadratic in hðSÞab . We also

obtain additional relations between quantities appearing in
this equation by taking weak limits of Einstein’s equation

multiplied by hðSÞab=� and by hðSÞabh
ðSÞ
cd =�. These relations are

used to simplify the perturbation equation for �ðLÞ
ab . Finally,

we write down Einstein’s equation for hðSÞab ð�Þ. In the

vacuum case, we consider the simplifications that can be
made to this equation if one is interested only in determin-

ing hðSÞab ð�Þ to sufficient accuracy to obtain gð0Þab . We com-

pare our approach to that of Isaacson [23,24] and
subsequent works (see, e.g., [25]).
In Sec. IV, we apply our general perturbative analysis to

cosmology. We introduce the ‘‘generalized wave-map
gauge’’ in Sec. IVA. In Sec. IVB, we make additional
assumptions concerning initial conditions and the

Newtonian nature of the deviation, �Tab � Tabð�Þ �
Tð0Þ
ab , of the stress-energy tensor from a FLRW model. We

argue that, for small �, hðSÞab ð�Þ should be well approxi-

mated (in the wave-map gauge) by the Newtonian gravity
solution, whereby one needs only take into account the
‘‘nearby’’ matter. In contrast to the rest of the paper—
where all of the assumptions are stated in a mathematically
precise manner, and all of the results are theorems—in
Sec. IVB we provide only a sketch of the assumptions
needed, and many of our arguments have the character of
plausibility arguments rather than proofs. In Sec. IVC, we

simplify the equation for �ðLÞ
ab derived in Sec. III by using

our Newtonian assumptions. We show that this equation
reduces to the ordinary cosmological perturbation equation

with an additional effective source arising from hðSÞab ð�Þ, in
agreement with a result recently obtained by [28].
In summary, in this paper we introduce a new framework

for treating spacetimes whose metric is close to that of a

background metric gð0Þab but is such that nonlinear depar-

tures from gð0Þab are dynamically important on small scales.

We proceed by introducing a suitable one-parameter fam-
ily of metrics gabð�Þ and deriving results in the limit as
� ! 0. We prove that the small-scale inhomogeneities

cannot affect the dynamics of the background metric gð0Þab

except by the addition of an effective stress-energy tensor
with positive energy density and vanishing trace, which
can be interpreted as arising from gravitational radiation.
We derive an equation for the long-wavelength part of

the leading order deviation of the metric from gð0Þab ,

which contains the usual terms occurring in linearized
perturbation theory plus additional contributions from the
small-scale inhomogeneities. Finally, we argue that the

4Our result on the positivity of energy density within this
framework is new, i.e., it was not previously shown to hold in the
vacuum case by Burnett [26]. Positivity of the effective energy
density in the vacuum case was shown by Isaacson [24] only
under an additional WKB ansatz.
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small-scale deviations of the metric from gð0Þab should be

accurately described by Newtonian gravity.
Of course, the real universe is not the limit as � becomes

arbitrarily small of the type of a one-parameter family of
metrics gabð�Þ considered here. Thus, our results do not
apply exactly to the real universe—any more than the
results of an analysis using ordinary linearized perturbation
theory would apply to a real situation. However, in Sec. V
we will argue that, since the scales at which nonlinear
dynamics are important in the present universe (i.e., scales
much less than �100 Mpc) are much smaller than the
scale of the background curvature (i.e., the Hubble radius
�3 Gpc), it seems reasonable to expect that the real uni-
verse will be accurately described by a ‘‘small �’’ approxi-
mation to gabð�Þ within our formalism. We believe that
our analysis thereby goes a long way toward providing
a mathematically sound framework that can be used to
justify the assumptions and approximations used in cos-
mology. At the end of Sec. V, we will discuss how these
approximations can be improved.

Our notation and sign conventions follow that of [29].
Lower case Latin indices from early in the alphabet
(a; b; c; . . . ) denote abstract spacetime indices. Greek in-
dices denote components of tensors. Latin indices from
midalphabet (i; j; k; . . . ) denote spatial components of
tensors.

II. DYNAMICS OF THE BACKGROUND METRIC

In this section, we will give a precise statement of the
assumptions that underlie our framework. We will then

analyze the dynamics of the background metric gð0Þab and

prove that if the matter stress-energy tensor, Tab, satisfies
the weak energy condition, then the effective stress-energy
contributed by small-scale inhomogeneities must have
positive energy density and vanishing trace.

As explained in the Introduction, we wish to consider a
situation wherein we have a one-parameter family of met-

rics gabð�Þ that approaches a background metric gð0Þab , but

spacetime derivatives of gabð�Þ do not approach the corre-

sponding spacetime derivatives of gð0Þab . An example of the

type of behavior that we have in mind is for components of

habð�Þ � gabð�Þ � gð0Þab to behave like � sinðx=�Þ. In this

situation, if we let ra denote the derivative operator asso-

ciated with gð0Þab , we cannot have rchabð�Þ ! 0 pointwise

as � ! 0. However, suitable spacetime averages of
rchabð�Þ will go to zero. More precisely, if fcab is any
smooth tensor field of compact support, we have

Z
fcabrchabð�Þ ¼ �

Z
ðrcf

cabÞhabð�Þ ! 0 as � ! 0

(3)

provided only that habð�Þ ! 0 locally in L1, where the

volume element in this integral is that associated with gð0Þab .

If (3) holds for all ‘‘test’’ (i.e., smooth and compact sup-
port) tensor fields, fcab, we say that rchabð�Þ ! 0 weakly.
More generally, if Aa1...anð�Þ is a one-parameter family of

tensor fields defined for � > 0, we say that Aa1...anð�Þ
converges weakly to Ba1...an as � ! 0 if for all smooth

fa1...an of compact support, we have

lim
�!0

Z
fa1...anAa1...anð�Þ ¼

Z
fa1...anBa1...an : (4)

Roughly speaking, the weak limit performs a local space-
time average of Aa1...anð�Þ before letting � ! 0.

As noted above, if gabð�Þ converges to gð0Þab in a suitably

strong sense—locally in L1 suffices—then spacetime de-
rivatives of habð�Þ automatically converge weakly to zero.
However, there is no reason why products of spacetime
derivatives of habð�Þ must converge weakly at all, and, if
they do converge, one would not expect them to converge
to zero. (This latter observation is closely related to the fact
that averages of products of quantities are not normally
equal to the product of their averages.) As discussed in the
Introduction, we wish to consider a situation where first
spacetime derivatives of habð�Þ remain bounded but do not
necessarily go to zero as � ! 0. However, in order to have
well-defined averaged behavior in the limit as � ! 0 we
want the weak limit of the nonlinear terms in Einstein’s
equation to exist. As we shall see below, this will be the
case if the weak limit of quadratic products of first space-
time derivatives of habð�Þ exists.
All of the above considerations lead us to consider a one-

parameter family of metrics gabð�Þ, defined for all � � 0,
satisfying the following conditions, which are straightfor-
ward generalizations to the nonvacuum case of the con-
ditions considered by Burnett [26] in his formulation of the
shortwave approximation. In these conditions, ra denotes
an arbitrary fixed (i.e., �-independent) derivative operator
on the spacetime manifold M. For convenience in stating
these conditions, we choose an arbitrary Riemannian met-
ric eab onM and for any tensor field ta1...an onM we define

jta1...an j2 ¼ ea1b1 . . . eanbn ta1...antb1...bn .

(i) For all � > 0, we have

Gabðgð�ÞÞ þ�gabð�Þ ¼ 8�Tabð�Þ; (5)

where Tabð�Þ satisfies the weak energy condition,
i.e., for all � > 0 we have Tabð�Þtað�Þtbð�Þ � 0 for
all vectors tað�Þ that are timelike with respect to
gabð�Þ.

(ii) There exists a smooth positive function C1ðxÞ on M
such that

jhabð�; xÞj � �C1ðxÞ; (6)

where habð�; xÞ � gabð�; xÞ � gabð0; xÞ.
(iii) There exists a smooth positive function C2ðxÞ onM

such that
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jrchabð�; xÞj � C2ðxÞ: (7)

(iv) There exists a smooth tensor field �abcdef on M

such that

w- lim
�!0

½rahcdð�Þrbhefð�Þ� ¼ �abcdef; (8)

where ‘‘w-lim’’ denotes the weak limit.

It follows immediately that �abðcdÞðefÞ ¼ �abcdef and

�abcdef ¼ �baefcd, and it is not difficult to show [26]

that �ðabÞcdef ¼ �abcdef. It also is not difficult to see that

if gabð�Þ satisfies the above conditions for any choice ofra

and eab, then it satisfies these conditions for all choices of
ra and eab. In our calculations, it will be convenient to
choose ra to be the derivative operator associated with the

background metric gð0Þab � gabð0Þ, and in the following, we

shall make this choice. We shall also raise and lower

indices with gð0Þab .

As discussed in the Introduction, the key idea is that our
actual spacetime, with all of its inhomogeneities, is de-
scribed by an element of such a one-parameter family, at
some small but finite value of �. By analyzing the limiting
behavior of such one-parameter families at small �, we
hope to attain an excellent approximate description of our
universe. However, unlike ordinary perturbative analyses,
our one-parameter family gabð�Þ is not differentiable in �
at � ¼ 0, so we cannot define perturbative quantities or
obtain useful equations by differentiation with respect to �.

Our first task is to derive an equation satisfied by the

background metric gð0Þab ¼ gabð0Þ. This equation will fol-

low directly from Einstein’s equation (5) for gabð�Þ, using
the general relationship between the Ricci curvature of gð0Þab

and gabð�Þ, namely,

Rabðgð0ÞÞ ¼ Rabðgð�ÞÞ þ 2r½aCc
c�b � 2Cd

b½aC
c
c�d; (9)

where

Cc
ab ¼ 1

2g
cdð�Þfragbdð�Þ þ rbgadð�Þ � rdgabð�Þg

(10)

and, again, we remind the reader that ra denotes

the derivative operator associated with gð0Þab , so that

rcg
ð0Þ
ab ¼ 0. It follows immediately from (9) that

Rabðgð0ÞÞ � 1
2gabð�Þgcdð�ÞRcdðgð0ÞÞ þ�gabð�Þ

¼ Gabðgð�ÞÞ þ�gabð�Þ þ 2r½aCe
e�b � 2Cf

b½aC
e
e�f

� gabð�Þgcdð�Þr½cCe
e�d þ gabð�Þgcdð�ÞCf

d½cC
e
e�f;

(11)

and invoking the Einstein equation for � > 0,

Rabðgð0ÞÞ� 1
2gabð�Þgcdð�ÞRcdðgð0ÞÞþ�gabð�Þ

¼8�Tabð�Þþ2r½aCe
e�b�2Cf

b½aC
e
e�f

�gabð�Þgcdð�Þr½cCe
e�dþgabð�Þgcdð�ÞCf

d½cC
e
e�f: (12)

We now take the weak limit of both sides of (12) as � ! 0.
It is easy to see that the weak limit of the left side exists

and is equal to Gabðgð0ÞÞ þ�gð0Þab . Aside from the term

8�Tabð�Þ, the terms on the right side of (12) all contain
a total of precisely two derivatives of habð�Þ. These terms
can be classified into the following types: (a) terms linear
in habð�Þ, corresponding to the linearized Einstein operator
acting on habð�Þ; (b) terms quadratic in habð�Þ, corre-
sponding to the second order Einstein operator acting on
habð�Þ; and (c) terms cubic and higher order in habð�Þ. The
weak limit of terms of type (a) vanish by the type of
argument leading to (3). The terms of type (b) depend
upon habð�Þ either in the form rahcdð�Þrbhefð�Þ—which

has weak limit�abcdef—or in the form hcdð�Þrarbhefð�Þ.
However, since

hcdð�Þrarbhefð�Þ
¼ ra½hcdð�Þrbhefð�Þ� � rahcdð�Þrbhefð�Þ (13)

and the weak limit ofra½hcdð�Þrbhefð�Þ� vanishes, we see
that the weak limit of hcdð�Þrarbhefð�Þ also exists and is

equal to ��abcdef. Finally, it is easily seen that the weak

limit of all terms of type (c) vanish.
Since the weak limit of all terms in (12) apart from

Tabð�Þ exist, it follows that the weak limit of Tabð�Þ itself
also must exist, without the necessity to impose any addi-
tional assumptions on our one-parameter family. We write

Tð0Þ
ab � w- lim

�!0
Tabð�Þ; (14)

and we may interpret Tð0Þ
ab as representing the matter stress-

energy tensor averaged over small-scale inhomogeneities.
Since Tabð�Þ satisfies the weak energy condition for all
� > 0 and since gabð�Þ converges uniformly (on compact

sets) to gð0Þab , it is not difficult to show that Tð0Þ
ab also satisfies

the weak energy condition, i.e., Tð0Þ
ab t

atb � 0 for all time-

like vectors ta with respect to gð0Þab . The weak limit of (12)

then takes the form

Gabðgð0ÞÞ þ�gð0Þab ¼ 8�Tð0Þ
ab þ 8�tð0Þab; (15)

where the ‘‘effective gravitational stress-energy tensor’’

tð0Þab arises from the weak limit of terms of type (b) above

and can be expressed entirely in terms of �abcdef. A

lengthy calculation (see [26]) yields

8�tð0Þab ¼ 1
8f��c

c
de

de ��c
c
d
d
e
e þ 2�cd

c
e
deg þ 1

2�
cd

acbd

� 1
2�

c
ca

d
bd þ 1

4�ab
cd

cd � 1
2�

c
ðabÞc

d
d þ 3

4�
c
cab

d
d

� 1
2�

cd
abcd: (16)
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Note that tð0Þab corresponds to the ‘‘Isaacson average’’ of the

second order Einstein tensor of habð�Þ. It can be shown to
be gauge invariant [26].

Following Burnett [26], we decompose �abcdef into two

tensors �abcdef � �½cj½ab�jd�ef and �abcdef � �ðabcdÞef, so
that

�abcdef ¼ �4
3ð�cðabÞdef þ �eðabÞfcd � �eðcdÞfabÞ

þ �abcdef þ �abefcd � �cdefab: (17)

Then, we have

8�tð0Þab ¼ �a
c
b
d
cd þ 3

2�
cd

cdab � 2�ða
cd

jcdjbÞ

� 1
4g

ð0Þ
abf�cd

cd
e
e � 2�cde

cdeg: (18)

Note that the right-hand side is independent of �abcdef.

The remainder of this section will be devoted to estab-

lishing two key properties of tð0Þab , namely, tð0Þaa ¼ 0 and

tð0Þabt
atb � 0 for any timelike vector ta of the back-

ground metric gð0Þab . To prove these results, we need to

obtain further information about �abcdef from Einstein’s

equation (12). To do so, it is convenient to rewrite this
equation in ‘‘Ricci form’’ as

Rabðgð0ÞÞ ��gabð�Þ ¼ 8�Tabð�Þ � 4�gabð�Þgcdð�ÞTcdð�Þ
þ 2r½aCc

c�b � 2Cd
b½aC

c
c�d: (19)

We nowmultiply this equation by hefð�Þ and take the weak
limit as � ! 0. The left side clearly goes to zero. The weak
limit of hefð�ÞCd

b½aC
c
c�f is also easily seen to vanish. On

the other hand, we have

w- lim
�!0

hefð�Þr½aCc
c�b ¼ �w- lim

�!0
r½ahjefjð�ÞCc

c�b

¼ ��½bj½ac�jd�efgð0Þcd ¼ ��acb
c
ef:

(20)

Thus, we obtain

�a
c
bcef ¼ 4�w- lim

�!0
hefð�Þ½Tabð�Þ

� 1
2gabð�Þgcdð�ÞTcdð�Þ�: (21)

In particular, the weak limit of the right side of this
equation must exist. By similar arguments starting with
Einstein’s equation in the form (12), it also follows that the
weak limit as � ! 0 of hefð�ÞTabð�Þ exists. We write

	efab ¼ w- lim
�!0

hefð�ÞTabð�Þ: (22)

We will now show that the right side of (21) vanishes.
We first prove the following lemma.

Lemma.—Let Að�Þ be a one-parameter family of
smooth tensor fields (with indices suppressed) converging
uniformly on compact sets to Að0Þ, and let Bð�Þ be a
one-parameter family of non-negative smooth functions

converging weakly to Bð0Þ. Then Að�ÞBð�Þ ! Að0ÞBð0Þ
weakly as � ! 0.
Proof.—Let F be a test tensor field—i.e., a smooth

tensor field of compact support—with index structure
dual to that of A. Let f be a smooth, non-negative function
of compact support with f ¼ 1 on the support of F. Then
F ¼ fF. We have

lim
�!0

Z
ðAð�ÞBð�Þ � Að0ÞBð0ÞÞF

¼ lim
�!0

Z
½ðAð�Þ � Að0ÞÞBð�Þ þ Að0ÞðBð�Þ � Bð0ÞÞ�F;

(23)

where contraction of the indices of A and F is understood.
The second term is zero because Bð�Þ ! Bð0Þ weakly and
Að0ÞF is a test function. On the other hand, we have��������

Z
ðAð�Þ � Að0ÞÞBð�ÞF

��������
�

Z
jðAð�Þ � Að0ÞÞFjjBð�Þfj

� sup
x2supp F

jðAð�Þ � Að0ÞÞFj
Z

Bð�Þf; (24)

where we have used the facts that Bð�Þ � 0 and f � 0 in
the second line. Now let 
 > 0. Since Að�Þ ! Að0Þ
uniformly as � ! 0 on compact sets, there exists �1 > 0
such that supx2supp FjðAð�Þ � Að0ÞÞFj< 
 for � < �1.

Similarly, since Bð�Þ ! Bð0Þ weakly as � ! 0, there ex-
ists �2 > 0 such that

RðBð�Þ � Bð0ÞÞf < 
 for all � < �2.

Thus, for all � <minð�1; �2Þ, we have��������
Z
ðAð�Þ � Að0ÞÞBð�ÞF

��������<


�Z
Bð0Þfþ 


�
: (25)

Thus the first term in (23) must be zero as well. h
The vanishing of 	efab [see (22)] is a direct consequence

of this lemma. To see this, let ta be an arbitrary timelike

vector field in the metric gð0Þab . Then, we have

	efabt
atb ¼ w- lim

�!0
hefð�ÞðTabð�ÞtatbÞ: (26)

Since by condition (ii) on our one-parameter families,

jgabð�Þ � gð0Þab j � �C1ðxÞ, on any fixed compact region,

we can find a �0 such that ta is timelike in the metric
gabð�Þ for all � � �0. Since Tabð�Þ satisfies the weak
energy condition, the function Bð�Þ � Tabð�Þtatb is non-
negative for all � � �0. We previously showed that Tabð�Þ
(and hence B) converges weakly. Assumption (ii) also
directly tells us that Aabð�Þ � habð�Þ converges uniformly
on compact sets. Thus, from the lemma, we immediately
conclude that

	efabt
atb ¼ 0 (27)

for all timelike ta in the metric gð0Þab . However, since

	efab ¼ 	efðabÞ, we have 	efabt
atb ¼ 0 for all timelike ta

if and only if 	efab ¼ 0, as we desired to show.
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A similar argument establishes that the second term on
the right side of (21) also vanishes. Thus, we obtain

�a
c
bcef ¼ 0: (28)

Consequently, (18) simplifies to

8�tð0Þab ¼ �a
c
b
d
cd: (29)

Taking the trace of this equation and again using (28) we
obtain our first main result of this section:

Theorem 1.—Given a one-parameter family gabð�Þ sat-
isfying assumptions (i)–(iv) above, the effective stress-

energy tensor tð0Þab appearing in Eq. (15) for the background

metric gð0Þab is traceless,

tð0Þaa ¼ 0: (30)

We now show that tð0Þab satisfies the weak energy condi-

tion. Let ta be a timelike unit vector field with respect to

gð0Þab . We wish to show that tð0Þabt
atb � 0. It is convenient to

choose an orthonormal basis of gð0Þab with ta as the timelike

vector. We will use Greek letters �; �; �; . . . to denote
spacetime components in this basis and Latin letters
i; j; k; . . . from midalphabet to denote spatial components.
Then

8�tð0Þabt
atb ¼ �0�0�

�� ¼ �0j0k
jk ¼ �ij

i
k
jk

¼ 1
4f�i

i
jk
jk þ�jki

ijk � 2�jik
ijkg; (31)

where in the second equality we used the antisymmetry of
�abcdef in the first two and the second two indices, and in

the third equality we used (28). Thus, we have expressed

tð0Þabt
atb entirely in terms of spatial components of �abcdef,

which will be useful for taking advantage of the positive
definiteness of the spatial metric.

Aside from the tensor symmetries that arise directly
from its definition, the only restrictions on �abcdef that

we have at our disposal come from (28). There is only one
equation that can be derived from (28) that involves only
spatial components of �abcdef, namely5

0 ¼ �i�
i�

kl � �0�
0�

kl: (32)

This yields

�ij
ij
kl ¼ �i

i
j
j
kl: (33)

Using this relation, we may rewrite (31) as

8�tð0Þabt
atb ¼ 1

4
f�i

i
jk
jk � 2�jik

ijk þ 2�jki
ijk ��i

i
j
j
k
kg:
(34)

For the remainder of our argument, we will work in a
small neighborhood of an arbitrary point P 2 M. We will
work in Riemannian normal coordinates x about P adapted
to our orthonormal basis. Let f�P be a one-parameter family
of smooth, non-negative functions with support contained
in a �-ball centered at P such thatZ

½f�PðxÞ�2
ffiffiffiffiffiffiffi�g

p
d4x ¼ 1: (35)

An explicit choice of f�P is

f�PðxÞ ¼
1

�2 ffiffiffiffiffiffiffi�g
p Fðx=�Þ; (36)

where F is any smooth, non-negative function of compact
support contained in a ball of radius 1 satisfying

R
F2d4x ¼

1, but there is no need to make this particular choice.
Instead of working with habð�Þ, we introduce the quantity

c abð�; �Þ � f�Phabð�Þ: (37)

Note that for any fixed � > 0 and � > 0, c ab is smooth and
of compact support, so, in particular, c ab and all of its
spacetime derivatives are in L2. Furthermore, it follows
directly from the properties of habð�Þ and f�P that all
components of c ab converge uniformly to 0 as � ! 0 at
fixed �. Similarly, components of rcc ab are uniformly
bounded in � and x as � ! 0 at fixed �. Since c ab is
of fixed compact support, it follows immediately that
kc abkL2 ! 0 and krcc abkL2 is uniformly bounded as
� ! 0, where kc abkL2 � R jc abj2.
Since �abcdef is smooth, it is obvious from (35) and the

support properties and positivity of ðf�PÞ2 that
�������ðPÞ ¼ lim

�!0

Z
�������ðxÞðf�PÞ2

ffiffiffiffiffiffiffi�g
p

d4x: (38)

On the other hand, since ðf�PÞ2 is a test function, from the
definition (8) of �abcdef, at each fixed � we haveZ

�������ðxÞðf�PÞ2
ffiffiffiffiffiffiffi�g

p
d4x

¼ lim
�!0

Z
@�h��ð�Þ@�h��ð�Þðf�PÞ2

ffiffiffiffiffiffiffi�g
p

d4x

¼ lim
�!0

Z
@�c ��@�c ��

ffiffiffiffiffiffiffi�g
p

d4x: (39)

Here, in the first equality, we replaced the derivative

operator ra associated with gð0Þab with the coordinate

derivative operator @a associated with Riemannian
normal coordinates at P, making use of the fact that the
definition of �abcdef is independent of derivative operator.

In the second equality, we used @�c �� ¼ f�P@�h�� þ
h��@�f

�
P and the fact that the resulting terms in (39)

with no derivatives on h�� vanish in the limit as � ! 0.

Taking the limit of (39) as � ! 0, we obtain

5Equation (28) states that the weak limit of hef times the
linearized Ricci tensor vanishes, i.e., it has the character of
the linearized vacuum Einstein equation off of flat spacetime.
The linearized Hamiltonian constraint—i.e., the vanishing of the
time-time component of the linearized Einstein tensor—is the
only component of Einstein’s equation that can be expressed
entirely in terms of spatial derivatives of spatial components of
the perturbed metric. Equation (32) corresponds to this equation.
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�������ðPÞ ¼ lim
�!0

lim
�!0

Z
@�c ��@�c ��d

4x; (40)

where we have used the fact that
ffiffiffiffiffiffiffi�g

p ¼ 1 at P. Note that
it is critical in this equation that the limits be taken in the
order specified.

The corresponding formula for tð0Þ00 is

tð0Þ00 ðPÞ ¼
1

32�
lim
�!0

lim
�!0

Z
d4xf@ic jk@

ic jk � 2@jc k
i@ic

jk

þ 2@jc i
i@kc

jk � @ic j
j@ic k

kg; (41)

where, in this equation, indices are raised and lowered with
the flat Euclidean spatial metric �ij ¼ diagð1; 1; 1Þ corre-
sponding to the spatial components of gð0Þab at P. The major

advantage of (41) is that we can apply usual Fourier trans-
form techniques to evaluate the integral appearing on the
right side of this equation prior to taking the limit. If we
had not ‘‘localized’’ habð�Þ by multiplying it by f�P, the
Fourier transform of habð�Þ could have been ill defined
and, even if it were well defined, it would contain global
information about habð�Þ rather than local information
about the behavior of habð�Þ near P.

Our strategy now will be to prove that the quantity

lim
�!0

Z
d4xf@ic jk@

ic jk � 2@jc k
i@ic

jk þ 2@jc i
i@kc

jk

� @ic j
j@ic k

kg (42)

can be expressed as a sum of terms which are either
positive, or which converge to zero as � ! 0. Positivity

of tð0Þ00 then follows immediately. We proceed by taking

Fourier transforms with respect to the spatial coordinates x
only, with the convention

ĉ ijðt;kÞ ¼ 1

ð2�Þ3=2
Z

d3xc ijðt; xÞe�ik	x: (43)

As previously noted, c jk and all of its derivatives are

obviously in L2, since c jk is smooth and of compact

support. Since the Fourier transform is inner product pre-
serving in L2, we have

tð0Þ00 ðPÞ ¼
1

32�
lim
�!0

lim
�!0

Z
dtd3kfkiki ĉ jk ĉ

jk

� 2kikj ĉ k
i ĉ jk þ 2kjkk ĉ i

i ĉ jk � kik
i ĉ j

j ĉ k
kg:
(44)

We may decompose ĉ ij into its scalar, vector, and

tensor parts as

ĉ ijðt;kÞ ¼ 
̂ðt;kÞkikj � 2’̂qij þ 2kðiẑjÞðt;kÞ þ ŝijðt; kÞ;
(45)

where kiẑi ¼ 0 ¼ kiŝij, and ŝii ¼ 0. Here qij is the pro-

jection orthogonal to ki of the Euclidean metric on Fourier
transform space. Since the various terms on the right side

of (45) are orthogonal at each k, it follows immediately

that, for example, j’̂ðkÞj2 � 1
8 ĉ

ijðkÞ �̂c ijðkÞ. Since ĉ ij and

all powers of ki times ĉ ij are in L
2, it follows immediately

that ’̂ and all powers of ki times ’̂ are in L2. Thus, we can
freely take Fourier transforms of ’̂ and all powers of ki

times ’̂. Furthermore, since the L2 norm of c ij—and,

hence, the L2 norm of ĉ ij—goes to zero as � ! 0, it

follows immediately that the L2 norm of ’̂—and hence
the L2 norm of ’—also goes to zero as � ! 0. Similarly,
the L2 norm of @i’ must remain uniformly bounded as
� ! 0. Similar results hold for the other terms appearing
on the right side of (45).
Substituting the decomposition (45) in (44) and

using the fact that c ij is real [which implies that
�̂c ðt; kÞ ¼

ĉ ðt;�kÞ], we obtain

tð0Þ00 ðPÞ ¼
1

32�
lim
�!0

lim
�!0

Z
dtd3kfkikiŝjkŝjk � 8kik

i’̂ �̂’g:
(46)

Thus, we see that the ‘‘tensor part,’’ ŝij, of ĉ ij makes a

positive contribution to the effective gravitational energy

density tð0Þ00 . This may be interpreted as saying that, at

leading order within this framework, gravitational radia-
tion carries positive energy density. The scalar 
̂ and the
vector part ẑi do not contribute at all, as might be expected
from the fact that these quantities should correspond to
‘‘pure gauge.’’ Finally, the scalar ’̂ makes the negative
contribution

2E’ ¼ � 1

4�

Z
dtd3kkik

i’̂ �̂’ (47)

to the effective energy density.
In order to interpret the meaning of ’̂ and E’, we note

that by (45), ’̂ satisfies

4kiki’̂ ¼ �kiki ĉ
j
j þ kikj ĉ ij: (48)

In position space, (48) becomes

4@i@i’ ¼ �@i@ic
j
j þ @i@jc ij: (49)

To put the right side of this equation in a more recognizable
form, we return to Einstein’s equation (12) and consider its
normal-normal component relative to a t ¼ const surface.
This corresponds to the Hamiltonian constraint equation,
which has the property that the only terms containing
second spacetime derivatives of hab involve only spatial
derivatives of spatial components of hab. To obtain this
equation from (12), we raise both indices with gabð�Þ and
then take the 00 component. Since we are working in
Riemannian normal coordinates about P we also express
the background metric as

gð0Þ�� ¼ ��� � 1
3R����x

�x� þOðx3Þ: (50)

The terms in the resulting equation that are purely linear in
hab, contain second derivatives of hab, and do not depend
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on the background curvature are of the form 1
2@

i@ih
j
j �

1
2 @

i@jhij, i.e. the same combination of derivatives of com-

ponents6 as appears in (49). There are also terms which are
linear in hab and contain second derivatives of hab, which
depend on the difference between the exact background

metric gð0Þab and �ab, and these can be expressed in the form

Uijkl@i@jhkl, where U
ijkl ¼ Oðx2Þ. The terms in the equa-

tion which are nonlinear in hab that contain second deriva-
tives of hab can be expressed in the form @iW

i þ Z1, where
Wi converges to zero uniformly on compact sets as � ! 0
and Z1 is uniformly bounded on compact sets as � ! 0.
The remaining terms in this equation then take the form
8�T00 þ Z2, where Z2 is uniformly bounded on compact
sets as � ! 0. Now multiply this equation by f�P. Using
(49), we see that the resulting equation takes the form

@i@i’ð�Þ ¼ 4�f�PT
00ð�Þ þ @i!

ið�Þ þ �ð�Þ
þ 1

2U
ijkl@i@jc klð�Þ; (51)

where !i � 1
2 f

�
PW

i is of fixed compact support and con-

verges to zero uniformly as � ! 0, and � is of fixed
compact support and is uniformly bounded as � ! 0.
Thus, ’ satisfies a Poisson-like equation. Furthermore,
the position space version of (47) can be written as

2E’ ¼ � 1

4�

Z
dtd3x@i’@i’; (52)

which is just the usual formula for (twice) the gravitational
potential energy in Newtonian gravity! Note that we have
not made any Newtonian approximations, nor have we
made a special choice of ‘‘time vector’’ ta.

Thus, we see that the resolution of the issue of whether

tð0Þ00 � 0 depends on a competition between the positive

contribution from the tensor modes and the negative con-
tribution, E’, arising from a Newtonian-like gravitational

potential energy. We will now show that if T00ð�Þ � 0,
then, in fact, E’ ! 0 as � ! 0 and � ! 0. Thus, the scalar

modes make no contribution in this limit, and the tensor
modes always ‘‘win.’’

To prove this, we use (51) to rewrite E’ as

E’ ¼ 1

8�

Z
dtd3x’@i@i’

¼ 1

2

Z
dtd3x’ð�Þ

�
f�pT

00ð�Þ þ 1

4�
@i!

ið�Þ

þ 1

4�
�ð�Þ þ 1

8�
Uijkl@i@jc klð�Þ

�
: (53)

The second term can be written as the time integral ofZ
d3x’@i!

i ¼ �
Z

d3x@i’!
i: (54)

By the Schwartz inequality, we have��������
Z

d3x@i’!
i

��������� k@i’kL2k!ikL2 : (55)

However, k!ikL2 ! 0 as � ! 0, and we have already
noted that k@i’kL2 remains uniformly bounded as � ! 0.
Therefore, we see that the second term vanishes in the limit
as � goes to zero.
To analyze the remaining terms on the right side of (53),

suppose we could show that ’ð�Þ converges uniformly to 0
on compact sets as � ! 0. Then since �ð�Þ is of fixed
compact support and is uniformly bounded as � ! 0, it
follows immediately that

R
dtd3x’ð�Þ�ð�Þ ! 0 as � ! 0,

so the third term in (53) vanishes in the limit as � ! 0.
On the other hand, if ’ð�Þ converges uniformly and
T00ð�Þ � 0, then the first term is exactly of the form to
which the above lemma of this section applies, with
A ¼ ’, B ¼ T00, and f�P being the test function with which
Að�ÞBð�Þ is being smeared. The lemma then states that
the first term in (53) vanishes in the limit as � ! 0. Finally,
the last term of (53) may be rewritten as

� 1

16�

Z
dtdx½Uijkl@i’ð�Þ@jc klð�Þ

þ @iU
ijkl’ð�Þ@jc klð�Þ�: (56)

If ’ð�Þ converges uniformly to zero, then the second of
these two terms vanishes in the limit as � ! 0 because
Uijkl is independent of � and @jc klð�Þ is uniformly

bounded as � ! 0 and is of fixed compact support. In
contrast to all the others, the first term above does not
converge to zero as � ! 0. However, it will still vanish
once we subsequently take � ! 0. To see this, use the fact
that on the support of f�P, U

ijkl is bounded by a constant
times �2 [see (50)] to write��������
Z

dtdxUijkl@i’ð�Þ@jc klð�Þ
��������� C�2k@i’kL2k@jc klkL2

� C0�2k@jc klk2L2 ; (57)

where the last inequality follows from the fact that
k@i’k2L2 � 1

8 k@jc klk2L2 . However, by (40) we have

lim
�!0

lim
�!0

k@jc klk2L2 ¼ �j
j
kl
klðPÞ: (58)

Consequently, the right-hand side of (57) vanishes when
the limits as � ! 0 and � ! 0 are taken. Thus, we will

have proven that tð0Þ00 � 0 provided only that we show that

’ð�Þ converges uniformly to 0 on compact sets as � ! 0.
To prove uniform convergence to 0 of ’ð�Þ on compact

sets, we note that it follows immediately from (49) that

4’ ¼ �c i
i þ �; (59)

where

@i@i� ¼ @i@jc ij: (60)

6These terms correspond to the linearization of the scalar
curvature of the spatial metric, as would be expected from the
general form of the ‘‘Hamiltonian constraint equation.’’
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As already noted above, c ijð�Þ—and hence c i
ið�Þ—

converges to 0 uniformly as � ! 0. Thus, ’ð�Þ will con-
verge to 0 uniformly on compact sets if and only if �ð�Þ
converges to 0 uniformly on compact sets. We will now
prove this by ‘‘brute force.’’

The solution to (60) is

�ðt; xÞ ¼ � 1

4�

Z
d3x0

@i@jc
ijðt; x0Þ

jx� x0j : (61)

Changing integration variables to y ¼ x0 � x and integrat-
ing by parts, we obtain

�ðt; xÞ ¼ � 1

4�

Z
d3y@ic

ijðt; xþ yÞ yj

jyj3 : (62)

For any r0 > 0, we can break up the integral appearing on
the right side of this equation into an integral over jyj< r0
and an integral over jyj � r0. We leave the first integral
alone but do another integration by parts on the second
integral. We thereby obtain

�ðt;xÞ ¼� 1

4�

Z
jyj<r0

d3y@ic
ijðt;xþyÞ yj

jyj3

þ 1

4�

Z
jyj¼r0

d�r20
yi
r0

�
c ijðt;xþ yÞyj

r30

�

þ 1

4�

Z
jyj>r0

d3yc ijðt;xþyÞ�ijjyj2� yiyj

jyj5 : (63)

Now let F1ð�Þ � supðt;xÞjc ijj and let F2ð�Þ �
supðt;xÞj@kc ijj. Then F1 ! 0 and F2 remains bounded as

� ! 0. It follows straightforwardly from (63) that

j�ðt; xÞj � c1F2ð�Þr0 þ c2F1ð�Þ þ c3F1ð�Þj lnðC=r0Þj;
(64)

where c1, c2, c3, and C are constants (i.e., independent of
�, r0, t, and x). This bound holds for all r0 and all �.
Therefore, as we let � ! 0, we are free to choose r0 to vary
with � in any way that is convenient. Choosing

r0ð�Þ ¼ exp½�1=
ffiffiffiffiffiffiffiffiffiffiffiffi
F1ð�Þ

q
�; (65)

we obtain the bound

j�ðt; xÞj � C1 exp½�1=
ffiffiffiffiffiffiffiffiffiffiffiffi
F1ð�Þ

q
� þ C2F1ð�Þ þ C3

ffiffiffiffiffiffiffiffiffiffiffiffi
F1ð�Þ

q
;

(66)

from which it follows immediately that � ! 0 uniformly
as � ! 0, as we desired to show.

We have thus proven the following.
Theorem 2.—Given a one-parameter family gabð�Þ sat-

isfying assumptions (i)–(iv) above, the effective stress-

energy tensor tð0Þab appearing in Eq. (15) for the background

metric gð0Þab satisfies the weak energy condition, i.e.,

tð0Þabt
atb � 0 (67)

for all ta that are timelike with respect to gð0Þab .

It should be emphasized that all of the results of this
section apply to an arbitrary one-parameter family gabð�Þ
satisfying assumptions (i)–(iv). In particular, no symmetry
or other assumptions concerning the background metric,

gð0Þab , were made. However, if FLRW symmetry is assumed

for gð0Þab as well as for the (weak limit of) the matter

stress-energy tensor, Tð0Þ
ab , then tð0Þab must also have this

symmetry. It then follows immediately from theorems 1

and 2 that tð0Þab must have the form of a perfect fluid

with P ¼ 1
3� and � � 0. In particular, the effective

stress-energy tensor arising from nonlinear terms in
Einstein’s equation associated with short-wavelength in-
homogeneities cannot produce effects similar to those of
dark energy.

III. PERTURBATION THEORY

In the previous section, we obtained the equation satis-

fied by the background metric, gð0Þab , derived key properties

of the effective stress-energy tensor tð0Þab , and thereby

proved that small-scale inhomogeneities cannot mimic
the effects of dark energy on large-scale dynamics.
However, in cosmology and other contexts, we wish to

know not only the dynamical behavior of gð0Þab but also the

dynamical behavior of the deviations from gð0Þab , as this is

needed to describe the formation and growth of structures
in the universe. In particular, we would like to obtain the
equations satisfied by habð�Þ to sufficient accuracy that
habð�Þ can be determined to first order in �, i.e., any
deviations from an exact solution (over a compact space-
time region) go to zero faster than � as � ! 0. As already
mentioned in the Introduction, if we were in the context of
ordinary perturbation theory where gabð�; xÞ is jointly
differentiable in � and x, we would define

�ð1Þ
ab � @gabð�Þ

@�

���������¼0
¼ lim

�!0

gabð�Þ � gð0Þab

�
: (68)

To derive the equation satisfied by �ð1Þ
ab , we differentiate the

Einstein equation with respect to �, at � ¼ 0. The result is
an equation that sets the linearized Einstein operator acting

on �ð1Þ
ab equal to the derivative of the stress-energy tensor

with respect to �, evaluated at � ¼ 0. We would then take

habð�Þ ¼ ��ð1Þ
ab . However, in the context of our framework,

gabð�; xÞ is not differentiable in � at � ¼ 0, so we cannot
even define a notion of a ‘‘metric perturbation’’ by differ-
entiating gabð�; xÞ.
Of course, the (exact) equation satisfied by habð�Þ is

simply the equation obtained by substituting gabð�Þ ¼
gð0Þab þ habð�Þ into Einstein’s equation (12). However, this
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is not any more useful in practice than simply asserting
that gabð�Þ must be a solution of Einstein’s equation for
all �; if we could solve Einstein’s equation exactly, there
would be no need to develop a perturbative formalism. The
key idea needed to obtain a more useful version of
Einstein’s equation is that, although nonlinearities may
be important on small scales, there should be a simpler,
linear description on large scales. The key idea needed to
implement this description is the observation that although

the ordinary (pointwise or uniform) limit of ½gabð�Þ �
gð0Þab�=� does not exist in the context of our framework—

gabð�Þ is not differentiable—there is no reason why the
weak limit of this quantity cannot exist.

Thus, a natural generalization of the conventional line-
arized metric perturbation is

�ðLÞ
ab � w- lim

�!0

gabð�Þ � gð0Þab

�
: (69)

Here we have replaced the ordinary limit of (68) with a
weak limit, which ‘‘averages away’’ the small-scale inho-
mogeneities. This quantity thereby corresponds closely to
the notion of the long-wavelength part of the metric per-
turbation that appears in other analyses (see, e.g., [28]). We
will discuss this further in Sec. V below. The remainder of
the perturbation will be denoted

hðSÞab ð�Þ � habð�Þ � ��ðLÞ
ab ; (70)

and will be referred to as the short-wavelength part of the

deviation7 of the metric from gð0Þab . In Sec. IVB, we will

argue that, under suitable Newtonian assumptions in cos-

mology, to leading order in �, hðSÞab depends only locally on

the matter distribution and is well approximated by a
Newtonian gravity solution. We emphasize that,
within our framework, short and long-wavelength pertur-
bations have a very different character. The long-
wavelength part of a perturbation has a well-defined

description in the � ! 0 limit, namely �ðLÞ
ab . On the

other hand, the short-wavelength part, hðSÞab ð�Þ, is defined

only for � > 0 and has no description in terms of a limit
as � ! 0.

We can obtain an equation for �ðLÞ
ab by taking the differ-

ence of the exact Einstein equation (12) for gabð�Þ and the

background Einstein equation (15) for gð0Þab , dividing by �,
and taking the weak limit as � ! 0. However, in order to

ensure that �ðLÞ
ab is well defined and satisfies a well-defined

equation, we must append to assumptions (i)–(iv) of Sec. II
the following additional assumptions on our one-parameter
family gabð�Þ:
(v) There exist smooth tensor fields �ðLÞ

ab ,�
ð1Þ
abcdef, �

ð1Þ
abcde,

and !ð1Þ
abcdefgh on M such that

(a)

w- lim
�!0

1

�
habð�Þ ¼ �ðLÞ

ab ; (71)

(b)

w- lim
�!0

1

�
½rðah

ðSÞ
jcdjð�ÞrbÞh

ðSÞ
ef ð�Þ ��abcdef�

¼ �ð1Þ
abcdef; (72)

(c)

w- lim
�!0

1

�
½hðSÞbc ð�Þrah

ðSÞ
de ð�Þ� ¼ �ð1Þ

abcde; (73)

(d)

w- lim
�!0

1

�
½hðSÞcd ð�Þrah

ðSÞ
ef ð�Þrbh

ðSÞ
gh ð�Þ� ¼ !ð1Þ

abcdefgh:

(74)

In the following, we shall assume that our one-parameter
family gabð�Þ satisfies assumptions (i)–(iv) of Sec. II to-
gether with assumption (v) above. In this section we will
make no additional assumptions about gabð�Þ, so all
of the results obtained in this section should hold, e.g.,
for self-gravitating gravitational radiation in a back-
ground without any symmetries. In Sec. IV, we shall
specialize to the case of Newtonian-like cosmological
perturbations off of a background metric with FLRW
symmetry, and will make numerous additional assump-
tions and simplifications.
The newly defined first order backreaction tensors,

�ð1Þ
abcdef, �

ð1Þ
abcde, and !

ð1Þ
abcdefgh, possess certain tensor sym-

metries as a direct consequence of their definitions.
Clearly, as with the zeroth order quantity �abcdef,

we have �ð1Þ
ðabÞðcdÞðefÞ ¼ �ð1Þ

abcdef and �ð1Þ
abcdef ¼ �ð1Þ

baefcd.

However, in contrast with �abcdef, the symmetry under

interchange of the first two indices had to be built directly

into the definition of �ð1Þ
abcdef, rather than derived. Indeed,

7If we were to consider higher order perturbation theory, then
we would also subtract from hab higher order in � ‘‘long-

wavelength’’ contributions to define hðSÞab ð�Þ. However, we shall
only be concerned with first order perturbation theory in this
paper.
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w- lim
�!0

1

�
½rahcdð�Þrbhefð�Þ ��abcdef� ¼ �ð1Þ

abcdef þ w- lim
�!0

1

�
r½ahjcdjð�Þrb�hefð�Þ

¼ �ð1Þ
abcdef þ w- lim

�!0

1

�
½r½aðhjcdjð�Þrb�hefð�ÞÞ � hcdð�Þr½arb�hefð�Þ�

¼ �ð1Þ
abcdef þr½a�

ð1Þ
b�cdef � 2w- lim

�!0

1

�
hcdð�ÞRabðe

ghfÞgð�Þ

¼ �ð1Þ
abcdef þr½a�

ð1Þ
b�cdef: (75)

What this calculation also illustrates is that, because of the factor of 1=�, we may no longer freely drop total derivative
terms when taking weak limits, and in general we will pick up terms of the form ra�

ð1Þ
bcdef. It follows also that �

ð1Þ
aðbcÞðdeÞ ¼

�ð1Þ
abcde and �ð1Þ

abcde ¼ ��ð1Þ
adebc. Finally, !

ð1Þ
abðcdÞðefÞðghÞ ¼ !ð1Þ

abcdefgh, !
ð1Þ
abcdefgh ¼ !ð1Þ

bacdghef, and

!ð1Þ
abcdefgh �!ð1Þ

bacdefgh ¼ !ð1Þ
baefcdgh �!ð1Þ

abefcdgh: (76)

We also note that definitions (b) and (c) would be unchanged if hðSÞab were replaced by hab, and (d) would be unchanged if
any hðSÞab which is being differentiated were replaced by hab.

We now subtract the background Einstein equation (15) from the exact Einstein equation (12), divide by �, and then take
the weak limit as � ! 0. Avery lengthy calculation, performed with the help of the XACT tensor manipulation package [30]
for MATHEMATICA, yields

rcrða�
ðLÞ
bÞc � 1

2rcrc�
ðLÞ
ab � 1

2rarb�
ðLÞc

c � 1
2g

ð0Þ
abðrcrd�ðLÞ

cd �rcrc�
ðLÞd

dÞ þ 1
2g

ð0Þ
abR

cdðgð0ÞÞ�ðLÞ
cd � 1

2Rðgð0ÞÞ�ðLÞ
ab þ��ðLÞ

ab

þ 1
8�

ðLÞ
ab ð�c

c
d
d
e
e þ�c

c
de

de � 2�cd
c
e
deÞ þ �ðLÞcdð12�abc

e
de � 1

2�cðabÞd
e
e � 1

2�
e
ðabÞecd þ 3

4�cdab
e
e � 1

2�cda
e
be

��c
e
abde þ�c

e
eðabÞd þ 3

4�
e
eabcd � 1

2�
e
eacbd þ 1

8g
ð0Þ
abf��cd

e
e
f
f ��cd

ef
ef þ 4�c

e
d
f
ef � 2�e

ecd
f
f þ 2�ef

cedfgÞ
¼ 8�Tð1Þ

ab þ 1
8g

ð0Þ
abf��ð1Þc

c
de

de ��ð1Þc
c
d
d
e
e þ 2�ð1Þcd

c
e
deg þ 1

2�
ð1Þcd

acbd � 1
2�

ð1Þc
ca

d
bd þ 1

4�
ð1Þ

ab
cd

cd � 1
2�

ð1Þc
ðabÞc

d
d

þ 3
4�

ð1Þc
cab

d
d � 1

2�
ð1Þcd

abcd þ 1
8g

ð0Þ
abf2!ð1Þc

c
de

de
f
f þ 2!ð1Þc

c
de

d
f
ef þ!ð1Þcd

cd
e
e
f
f þ!ð1Þcd

cd
ef

ef � 4!ð1Þcd
c
e
d
f
ef

� 2!ð1Þcdef
decfg � 1

2!
ð1Þ

ab
cd

c
e
de þ 1

2!
ð1Þ

ða
c
jcj

d
bÞd

e
e þ 1

2!
ð1Þ

ða
cde

bÞcde � 1
8!

ð1Þc
cab

d
d
e
e � 1

8!
ð1Þc

cab
de

de

� 3
4!

ð1Þc
c
de

abde þ 1
2!

ð1Þc
c
de

adbe þ 1
4!

ð1Þcd
abd

e
ce � 3

4!
ð1Þcd

cdab
e
e þ 1

2!
ð1Þcd

cda
e
be þ 1

2!
ð1Þcd

c
e
abde � 1

2!
ð1Þcd

c
e
adbe

þ 1
2!

ð1Þcd
d
e
abce � 1

2!
ð1Þcd

d
e
aebc þ 1

4g
ð0Þ
abf2rd�

ð1Þc
c
de

e þre�
ð1Þc

c
d
d
eg � 1

4rða�ð1Þc
bÞc

d
d þ 1

4rc�
ð1Þ

ðabÞ
cd

d

� 1
2rc�

ð1Þc
ab

d
d �rd�

ð1Þ
ðabÞ

c
c
d þrd�

ð1Þc
abc

d þ 1
2rd�

ð1Þc
cðabÞ

d: (77)

Here, we have written

Tð1Þ
ab � w- lim

�!0

Tabð�Þ � Tð0Þ
ab

�
: (78)

This weak limit exists by virtue of assumption (v) and the
fact that gabð�Þ satisfies Einstein’s equation.

Our equation (77) for �ðLÞ
ab takes the form of a modified

linearized Einstein equation. The terms on the left side are

linear in �ðLÞ
ab and, in addition to the usual terms appearing

in the linearized Einstein tensor, contain terms proportional
to�abcdef. The right side contains, in addition to the matter

source Tð1Þ
ab , numerous ‘‘effective source terms’’ arising

from �ð1Þ
abcdef, �

ð1Þ
abcde, and !ð1Þ

abcdefgh.

Some relations between �ð1Þ
abcdef, �

ð1Þ
abcde, and !ð1Þ

abcdefgh

can be derived from Einstein’s equation. We previously
derived the relation �aeb

e
cd ¼ 0 [see (28)] by starting with

Einstein’s equation in Ricci form (19), multiplying it by
hefð�Þ and taking the weak limit as � ! 0. In a similar

manner, if we multiply (19) by hðSÞcd ð�ÞhðSÞef ð�Þ=�, we obtain
the following equation satisfied by !ð1Þ

abcdefgh:

!ð1Þg
acdefbg þ!ð1Þg

bcdefag �!ð1Þg
gcdefab �!ð1Þ

abcdef
g
g

þ!ð1Þg
aefcdbg þ!ð1Þg

befcdag �!ð1Þg
gefcdab

�!ð1Þ
abefcd

g
g ¼ 0: (79)

In deriving this, we used the fact that

w- lim
�!0

1

�
hðSÞab ð�ÞhðSÞcd ð�ÞTefð�Þ ¼ 0; (80)

which follows from our lemma from Sec. II and the as-
sumption that Tabð�Þ satisfies the weak energy condition,
in the same way that we showed 	abcd ¼ 0 [see (27)].
Similarly, if we subtract the background Einstein equa-

tion in Ricci form from (19), multiply by hðSÞcd ð�Þ=�, and
take the � ! 0weak limit, we can derive an analog of (28)

satisfied by �ð1Þ
abcdef,
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1
2�

ð1Þ
abcd

e
e þ 1

2�
ð1Þe

cdab ��ð1Þe
ðajcdjbÞe ¼ 8�	ð1Þ

cdab � 4�gð0Þab	
ð1Þ

cd
e
e þ 1

2�
ðLÞefð�abefcd þ�efabcd � 2�eðabÞfcdÞ

þ 1
4!

ð1Þ
abcd

ef
ef þ 1

2!
ð1Þ

ab
ef

cdef � 1
2!

ð1Þ
ða
e
jcdjbÞe

f
f �!ð1Þ

ða
e
jej

f
bÞfcd

þ 1
4!

ð1Þe
ecdab

f
f � 1

2!
ð1Þe

ecda
f
bf þ 1

2!
ð1Þef

cdafbe þ 1
2!

ð1Þef
efabcd

þ 1
2rða�ð1Þ

bÞcd
e
e þ 1

2rða�ð1Þe
bÞecd þ 1

2re�
ð1Þ

ðabÞ
e
cd � 1

2re�
ð1Þe

abcd: (81)

In this equation we have defined the quantity

	ð1Þ
abcd ¼ w- lim

�!0

1

�
hðSÞab ð�ÞTcdð�Þ: (82)

The existence of this limit is guaranteed by Einstein’s equation together with our other assumptions. Note that since
hðSÞab ð�Þ=� does not converge uniformly to zero as � ! 0 (although it is uniformly bounded), the weak energy condition
does not imply the vanishing of 	ð1Þ

abcd as it did for 	abcd.

We can simplify the above equations as follows. As with the background case, define �ð1Þ
abcdef ¼ �ð1Þ

½cj½ab�jd�ef and

�ð1Þ
abcdef ¼ �ð1Þ

ðabcdÞef, and express the equations in terms of these quantities. A similar breakup is also possible for!ð1Þ
abcdefgh.

First, split it into the parts with are symmetric and antisymmetric in the first two indices, !ð1;SÞ
abcdefgh ¼ !ð1Þ

ðabÞcdefgh and

!ð1;AÞ
abcdefgh ¼ !ð1Þ

½ab�cdefgh. By (76), we have

!ð1;AÞ
abcdefgh ¼ �!ð1;AÞ

abefcdgh: (83)

The symmetric part is then decomposed into !ð1;�Þ
abcdefgh ¼ !ð1;SÞ

½ej½ajcdjb�jf�gh and !ð1;�Þ
abcdefgh ¼ !ð1;SÞ

ðabjcdjefÞgh, with inverse
transformation

!ð1;SÞ
abcdefgh ¼ �4

3ð!ð1;�Þ
eðajcdjbÞfgh þ!ð1;�Þ

gðajcdjbÞhef �!ð1;�Þ
gðejcdjfÞhabÞ þ!ð1;�Þ

abcdefgh þ!ð1;�Þ
abcdghef �!ð1;�Þ

efcdghab: (84)

Substituting for our new quantities, (79) can be rewritten as

!ð1;�Þ
a
g
cdbgef þ!ð1;�Þ

a
g
efbgcd ¼ 0; (85)

whereas (81) becomes

�ð1Þ
a
e
becd ¼ 4�	ð1Þ

cdab � 2�gð0Þab	
ð1Þ

cd
e
e þ �aebfcd�

ðLÞef þ 1
4!

ð1;AÞ
ða
e
bÞecd

f
f � 1

2!
ð1;AÞ

ða
e
bÞ
f
cdef � 1

4!
ð1;AÞef

aebfcd

þ 1
2!

ð1;�Þ
a
e
cdb

f
ef þ!ð1;�Þ

ða
e
jcdej

f
bÞf þ!ð1;�Þ

a
e
e
f
bfdc � 1

4!
ð1;�Þef

baefdc þ 1
4rða�ð1Þ

bÞcd
e
e

þ 1
4rða�ð1Þe

bÞecd þ 1
4re�

ð1Þ
ðabÞ

e
cd � 1

4re�
ð1Þe

abcd: (86)

Finally we can use (85) and (86) to simplify our version of the linearized Einstein equation, (77), resulting in

rcrða�
ðLÞ
bÞc �

1

2
rcrc�

ðLÞ
ab � 1

2
rarb�

ðLÞc
c � 1

2
gð0Þabðrcrd�ðLÞ

cd �rcrc�
ðLÞd

dÞ þ
1

2
gð0ÞabR

cdðgð0ÞÞ�ðLÞ
cd

� 1

2
Rðgð0ÞÞ�ðLÞ

ab þ��ðLÞ
ab þ 2�ðLÞcd�ða

e
bÞcde

¼ 8�Tð1Þ
ab þ �ð1Þ

a
c
b
d
cd � 2�	ð1Þ

ab
c
c � 8�	ð1Þ

ða
c
bÞc þ 2�gð0Þabf	ð1Þc

c
d
d � 	ð1Þcd

cdg �
1

4
!ð1;AÞ

ða
c
bÞ
d
cd

e
e

þ 1

2
!ð1;AÞ

ða
c
bÞ
d
c
e
de þ

1

8
!ð1;AÞcd

abc
e
de þ

1

4
!ð1;AÞcd

acbd
e
e þ 1

16
gð0Þabf!ð1;AÞcd

c
e
de

f
f þ 2!ð1;AÞcd

c
e
d
f
efg

� 2!ð1;�Þ
ða
ced

bÞdce �!ð1;�Þ
ða
c
bÞd

de
ce �!ð1;�Þ

ða
ce

bÞ
d
cde þ

1

8
!ð1;�Þcd

abcd
e
e þ 1

4
!ð1;�Þcd

bac
e
de

þ 1

8
gð0Þabf!ð1;�Þc

dec
edf

f � 2!ð1;�Þc
dec

efd
fg �

1

2
rða�ð1Þc

bÞc
d
d þ

1

4
rða�ð1Þc

bÞ
d
cd þ

1

4
rc�

ð1Þc
ab

d
d

� 3

4
rd�

ð1Þ
ðabÞ

c
c
d þ 1

4
rd�

ð1Þc
abc

d � 1

2
rd�

ð1Þc
ða
d
bÞc þ

1

4
gð0Þabfrd�

ð1Þc
c
de

e þre�
ð1Þc

c
d
d
eg: (87)

Equations (85)–(87) describe the long-wavelength perturbations. It should be noted that, just as �abcdef was absent from
our background equations, �abcdef, �

ð1Þ
abcdef, and !ð1;�Þ

abcdefgh are all absent from our perturbation equations.
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Equations (85)–(87) have been written down in an arbitrary
gauge. We will make a specific choice of gauge in
Sec. IVA below, but for now we note that we can apply
any one-parameter family of diffeomorphisms, ��, to
gabð�Þ that preserves conditions (i)–(v). Burnett [26] has
analyzed the properties of gauge transformations associ-
ated with one-parameter families of diffeomorphisms that
are not smooth in �. Here, we simply note that any smooth,
one-parameter group of diffeomorphisms �� generates
gauge transformations that are easily seen to preserve
conditions (i)–(v). Under such gauge transformations, it

is not difficult to see that �ðLÞ
ab ! �ðLÞ

ab þL�g
ð0Þ
ab , where �

a

is the vector field that generates �� and L denotes the Lie

derivative. Thus, �ðLÞ
ab has the same gauge freedom arising

from smooth �� as in ordinary linearized perturbation
theory. This freedom can be used to impose the same types

of gauge conditions on �ðLÞ
ab as in ordinary linearized

perturbation theory. It is also not difficult to see that

hðSÞab ð�Þ ! �

�h

ðSÞ
ab ð�Þ þ jabð�Þ, where jabð�Þ ¼ Oð�2Þ and

is jointly smooth in � and the spacetime point. By using

this gauge transformation property of hðSÞab ð�Þ, it is possible
to show that �abcdef, �ð1Þ

abcde, !ð1Þ
abcdefgh, and 	ð1Þ

abcd are

gauge invariant under gauge transformations arising from

smooth ��, whereas �
ð1Þ
abcdef ! �ð1Þ

abcdef þL��abcdef and

Tð1Þ
ab ! Tð1Þ

ab þL�T
ð0Þ
ab .

We turn our attention now to the short-wavelength
perturbations. Without making any approximations it is
straightforward to write down an equation satisfied

by hðSÞab ð�Þ: Simply substitute gabð�Þ ¼ gð0Þab þ ��ðLÞ
ab þ

hðSÞab ð�Þ into the exact Einstein equation. We may write

this equation in the form

Gð1Þ
abðgð0Þ; hðSÞð�ÞÞ þ�hðSÞab ð�Þ
¼ 8�Tabð�Þ �Gabðgð0ÞÞ ��gð0Þab � �Gð1Þ

abðgð0Þ; �ðLÞÞ

� ���ðLÞ
ab � X1

n¼2

GðnÞ
ab ðgð0Þ; ��ðLÞ þ hðSÞð�ÞÞ; (88)

where we have grouped linear terms in hðSÞab ð�Þ on the left-

hand side. Here, GðnÞ
ab ðgð0Þ; ��ðLÞ þ hðSÞð�ÞÞ denotes the nth

order Einstein tensor expanded about gð0Þab of the perturba-

tion ��ðLÞ
ab þ hðSÞab ð�Þ.

Unfortunately, it does not appear possible to simplify
(88) to obtain suitable approximate solutions without in-
troducing additional assumptions. Of course, if we do not
simplify (88), then we have not made any progress beyond
asserting that we must solve Einstein’s equation. In the
next section, we will introduce additional assumptions
relevant to the case of cosmological perturbations and
argue that to obtain an accurate description of the metric
to order �, we may replace (88) by the equations of
Newtonian gravity with local matter sources.

For the remainder of this section, we shall compare our
general analysis to that given by Isaacson [23,24] and
others (see, e.g., [25]), who were interested in describing
the self-gravitating effects of gravitational radiation.
We therefore restrict attention to the vacuum case
(Tabð�Þ ¼ 0). These authors work with the quantity
habð�Þ rather than introducing �abcdef. Suppose one is

merely interested in determining the background metric

gð0Þab , i.e., one is not interested in obtaining an accurate (to

order �) description of the deviation of the metric from

gð0Þab . Then one would need only to calculate habð�Þ to

sufficient accuracy that one could determine �abcdef and,

thereby, tð0Þab [see (16)]. In particular, one would not be

interested in computing �ðLÞ
ab , so one could ignore the

equations we have derived above for �ðLÞ
ab . Furthermore,

in order to obtain hðSÞab ð�Þ to sufficient accuracy, it appears

plausible that one could makeOð1Þmodifications to (88) as

� ! 0 and still determine hðSÞab ð�Þ to sufficient accuracy,

provided that these Oð1Þ modifications have vanishing
weak limit. Here, by the phrase ‘‘it appears plausible’’
we mean that we believe it is likely that one could intro-
duce additional reasonable assumptions on the one-
parameter family gabð�Þ so that these modifications to

(88) could be made without affecting gð0Þab . The reason for

this belief is that Oð1Þ error terms in (88) should—under
suitable further assumptions similar to ones indicated at the
end of Sec. IVB below—give rise to Oð�2Þ errors in

hðSÞab ð�Þ, which should not affect �abcdef.

A candidate modification of (88) in the vacuum case
would be to drop the entire right side of this equation

[together with the term �hðSÞab ð�Þ on the left side], to obtain
simply the linearized Einstein equation for hðSÞab off of gð0Þab ,

Gð1Þ
abðgð0Þ; hðSÞð�ÞÞ ¼ 0: (89)

However, ifGabðgð0ÞÞ � 0, the linearized Einstein equation

off of gð0Þab does not appear to have an initial value formu-

lation, so this modification of (88) is probably not suitable.
(Note that the linearized Einstein equation off of a non-
solution is not gauge invariant, so one cannot employ a
choice of gauge to simplify the equation and/or put it in
hyperbolic form.) A better candidate modification would
be an equation of the same form that the linearized Einstein
equation would take in the Lorenz gauge if perturbed off
of a vacuum spacetime. Since the linearized Einstein equa-
tion off of a nonvacuum spacetime is inconsistent with the
Lorenz gauge condition, there is no unique choice of such
an equation—in particular, one can add new terms involv-
ing the background Ricci tensor—and, indeed, Isaacson
[23,24] and Misner, Thorne, and Wheeler [25] give
slightly different forms of the proposed equation [compare
Eq. (5.12) of [23] with Eq. (35.68) of [25] ]. In fact, since
terms involving the product of the background curvature
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with hðSÞab are Oð�Þ, it would appear simplest to drop all of

these terms and work with the wave equation

rcrc
�hðSÞab ¼ 0; (90)

where �hðSÞab ¼ hðSÞab � 1
2g

ð0Þ
abh

ðSÞc
c. As with the equations used

in [23,25], this equation is inconsistent with the Lorenz

gauge condition ra �hðSÞab ¼ 0. However, if one constrains

the initial data for �hðSÞab for solutions to (90) so that ra �hðSÞab

and its first time derivative vanish initially, then the Lorenz
gauge condition should hold to Oð�Þ at later times (in
compact regions of spacetime). Thus, the solutions to
(90) with these initial data restrictions should satisfy
Einstein’s equation (88) to the desired Oð1Þ accuracy. It
should also be possible to impose the gauge condition

hðSÞaa ¼ 0 to Oð�Þ accuracy.
If the above arguments are correct, then in order to obtain

the possible background metrics gð0Þab , it should suffice to

simultaneously solve (15) and (90) [or equivalently,
Eq. (5.12) of [23] or Eq. (35.68) of [25] ] with appropriate

restrictions on initial data, to obtain gð0Þab and a one-

parameter family hðSÞab ð�Þ satisfying our conditions (ii)–

(iv), where, in (15), tð0Þab is given by (16) and�abcdef is given

by (8) with habð�Þ replaced by our one-parameter family of
solutions to (90). One could then attempt to establish prop-

erties of tð0Þab—in particular, the vanishing of its trace and the

positivity of its energy density—by working with the ex-

pressions for it in terms of hðSÞab ð�Þ in a particular gauge.

Needless to say, numerous extremely murky mathematical
issues arise if one proceeds in this manner. Our analysis of
Sec. II, as well as the work of Burnett [26] in the vacuum

case, proved rigorous results about tð0Þab without introducing

any approximate equations satisfied by hðSÞab ð�Þ, and thus

completely bypassed these murky issues.
Finally, we note that if one wished to know the deviation

of the metric from gð0Þab to Oð�Þ—as would not necessarily

be of interest in studying gravitational radiation but is
of considerable interest in cosmology—then, of course,

it would be necessary to know �ðLÞ
ab . Although we argued

above that one has considerable freedom in modifying the

equation satisfied by hðSÞab without affecting gð0Þab , it is clear

that one cannot make any modification to the equation (87)

satisfied by �ðLÞ
ab without introducingOð1Þ errors in �ðLÞ

ab and

thus Oð�Þ errors in gabð�Þ. Furthermore, in order to calcu-

late the effective source term �ð1Þ
a
c
b
d
cd in (87), it appears

that one would need to know hðSÞab to Oð�2Þ, in which case

one could not drop the quadratic terms in hðSÞab in (88). Thus,

in the case of self-gravitating gravitational radiation, if one

wished to know the deviation of the metric from gð0Þab to

Oð�Þ, one would have to solve (15) and (87), and some
suitable simplification of (88). This would comprise an
extremely complicated system. Fortunately, in the case

of cosmology, we will now argue that, under additional
assumptions, significant simplifications occur.

IV. COSMOLOGICAL PERTURBATION THEORY

Up to this point we have not assumed any symmetries or

other special properties of the background metric gð0Þab . We

also have not made any restrictions on the matter content,
Tabð�Þ, other than that it satisfy the weak energy condition,
nor havewe imposed any restrictions on the perturbations. In
this section, we will be concerned with the case of main

interest in cosmology, where gð0Þab has FLRW symmetry,

there is negligible gravitational radiation content (in particu-

lar, tð0Þab ¼ 0), and the matter content satisfies suitable

Newtonian assumptions. We will argue that, under these

assumptions, to leading order in �, hðSÞab ð�Þ is given by local
Newtonian gravity, i.e., in a neighborhood of any point x,

hðSÞab can be calculated to sufficient accuracy using

Newtonian gravity, taking into account only the matter
distributionwithin a suitable neighborhood of x. (The effects

of more distant matter are taken into account by �ðLÞ
ab .) With

our ‘‘no gravitational radiation’’ assumption for the back-

ground and our Newtonian approximation for hðSÞab , our equa-

tion (87) for �ðLÞ
ab simplifies considerably, yielding the

linearized Einstein equation with an additional effective
source that agrees with recent results of [28] (see also [21]).
In our analysis, it will be important to make a convenient

choice of gauge. Since we are taking nonlinear effects at
small scales into account, we cannot simply impose the
usual cosmological gauge choices for perturbations, i.e.,
we must make our gauge choice at the nonlinear level.
When studying nonlinear perturbations off of a flat back-
ground it is often convenient to work with ‘‘wave-map
coordinates’’ (usually called ‘‘harmonic coordinates’’ in
the literature), particularly in the context of the post-
Newtonian expansion [31]. Since our background metric

gð0Þab is not flat, the usual definition of wave-map coordi-

nates is not convenient, but we may instead impose a
generalized wave-map gauge condition with respect to

the background metric gð0Þab [32].

Our gauge choice will be introduced in Sec. IVA in the

context of a general background metric gð0Þab (i.e., without

assuming FLRW symmetry). In Sec. IVB, we restrict to a
FLRW background, we make our Newtonian assumptions,

and argue that hðSÞab is given by local Newtonian gravity. It

should be emphasized that the arguments of Sec. IVB have
the character of plausibility arguments rather than proofs.

Finally, the simplifications to the equation for �ðLÞ
ab will be

obtained in Sec. IVC.

A. Generalized wave-map (harmonic) gauge

Given a one-parameter family of metrics gabð�Þ on our
spacetime manifold M that satisfies our assumptions
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(i)–(v), we may apply any one-parameter family of
diffeomorphisms, �ð�Þ: M ! M, which preserve these
conditions, where without loss of generality, we may as-
sume that �ð0Þ is the identity map. As already noted in the
paragraph below (87), it is clear that any �ð�Þ that is
jointly smooth in � and the spacetime point x will preserve
conditions (i)–(v), but there also should exist a wide
class of �ð�Þ that are not smooth in � that preserve these
conditions. The properties of such �ð�Þ and the trans-
formations that they induce on �abcdef were analyzed by

[26] [under his assumptions, which differ slightly from our
assumptions (i)–(iv)]. Unfortunately, although Burnett’s
analysis can be used to prove important properties of gauge

transformations, such as the invariance of tð0Þab under all

allowed gauge transformations, it is very difficult to prove
any existence results that establish that specific gauge
conditions can be imposed on an arbitrary one-parameter
family of metrics gabð�Þ satisfying our conditions.

In this section, we will assume that we can impose the
‘‘generalized wave-map gauge condition’’ on the metric
gabð�Þ, namely,

gabð�ÞCc
abð�Þ ¼ 0; (91)

where Cc
abð�Þ is given by (10). Note that this condition

depends upon the background metric, gð0Þab , since the de-

rivative operator, ra, of g
ð0Þ
ab appears in the definition of

Cc
abð�Þ. We can impose the gauge condition (91) on

gabð�Þ by applying the diffeomorphism x� ! ��ð�; xÞ
to gabð�Þ, where x� are arbitrarily chosen coordinates on
M and �� satisfies8

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi�gð�Þp @

@x�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gð�Þ

q
g��ð�Þ @�

��

@x�

�

þ �ð0Þ ��
�� ��g

��ð�Þ@�
��

@x�
@� ��

@x�
¼ 0: (92)

This equation is a (nonlinear) wave equation, so we can
always find (local) solutions. To see that solutions to this
equation give rise to the condition (91), we note that if we
use ��ð�; xÞ as coordinates for the �th spacetime, then we
may replace @��=@x� by ��

�, and (92) reduces to

0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi�gð�Þp @�ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gð�Þ

q
g��ð�ÞÞ þ �ð0Þ�

��g��ð�Þ

¼ g��ð�Þ��
��ð�Þ � g��ð�Þ�ð0Þ�

�� ¼ �g��ð�ÞC�
��:

(93)

We will refer to the coordinates ��ð�; xÞ as generalized
wave-map coordinates for gabð�Þ relative to the

coordinates x� for gð0Þab . Note that in the case where gð0Þab ¼
�ab and x� are Minkowski coordinates, the generalized
wave-map gauge condition reduces to the condition
g��ð�Þ��

��ð�Þ ¼ 0, and the coordinates ��ð�; xÞ satisfy
a linear wave equation. Such coordinates are usually re-
ferred to as ‘‘harmonic coordinates’’ in the literature.
Although we can always (locally) solve (92) and thus

(locally) put each gabð�Þ in our one-parameter family in
wave-map gauge, we have no guarantee that the resulting
new one-parameter family of metrics will satisfy our con-
ditions (i)–(v). In the following, we shall simply assume
that this is the case, i.e., that we have a one-parameter
family of metrics gabð�Þ that satisfies conditions (i)–(v) as
well as our gauge condition (91). This corresponds to a
strengthening of our assumptions.
When the generalized wave-map gauge condition is

satisfied, it is very convenient to work with the variable

h abð�Þ � gð0Þab �
ffiffiffiffiffiffiffiffiffiffi
gð�Þ
gð0Þ

s
gabð�Þ; (94)

instead of habð�Þ ¼ gabð�Þ � gð0Þab . [Note that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gð�Þ=gð0Þ

q
is

the proportionality factor between the volume elements of

gabð�Þ and gð0Þab , so this quantity does not depend on any

choice of coordinates x� on M.] We have

rbh
abð�Þ¼�

ffiffiffiffiffiffiffiffiffiffi
gð�Þ
gð0Þ

s
rbg

abð�Þ�
ffiffiffiffiffiffiffiffiffiffi
gð�Þ
gð0Þ

s
gabð�ÞCc

cb

¼�
ffiffiffiffiffiffiffiffiffiffi
gð�Þ
gð0Þ

s �
rbg

abð�Þþ1

2
gabð�Þgcdð�Þrbgcdð�Þ

�

¼
ffiffiffiffiffiffiffiffiffiffi
gð�Þ
gð0Þ

s
gbcð�ÞCa

bc¼0; (95)

where on the first line we used the fact that

Cb
ba ¼ 1

2
ra log

�
gð�Þ
gð0Þ

�
: (96)

Note that in linearized gravity, hab reduces to the trace-

reversed metric perturbation, i.e., habð�Þ ! �habð�Þ ¼
habð�Þ � 1

2g
ð0Þabhccð�Þ, and (95) reduces to the Lorenz

gauge condition ra
�hab ¼ 0. One should keep in mind,

though, that beyond lowest order in �, habð�Þ is not the
trace-reversed metric perturbation.
We now express the exact Einstein equation in wave-

map gauge in terms of hab and the background derivative
operator. Starting with (12), we use the background equa-
tion (15), the gauge condition rbh

ab ¼ 0, as well as the
fact that

rag
bcð�Þ ¼ �

ffiffiffiffiffiffiffiffiffiffi
gð0Þ

gð�Þ

s �
rah

bc � 1

2
gbcð�Þgdeð�Þrah

de

�
;

(97)

8The diffeomorphisms defined by (92) do not depend on the
choice of coordinates x�, since this equation can be derived from
the coordinate invariant action

E½�� ¼
Z
M
g��ð�Þgð0Þ�� ��

@� ��

@x�
@� ��

@x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gð�Þ

q
d4x:
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to show (after a long computation) that

rcrch
ab � 2Ra

cd
bðgð0ÞÞhcd þ 2Rc

ðaðgð0ÞÞhbÞc � Rðgð0ÞÞhab � gð0ÞabRcdðgð0ÞÞhcd

� 2Gabðgð0ÞÞgð0Þcdh
cd þ 2�

�
hab � 1

2
gð0Þabgð0Þcdh

cd

�

¼ �16�
gð�Þ
gð0Þ

ðTabð�Þ � Tð0Þab þ tabð�Þ � tð0ÞabÞ: (98)

Here, the terms that are nonlinear in hab have been absorbed into the quantity,

16�
gð�Þ
gð0Þ

tabð�Þ � �2Gab

�
1� gð�Þ

gð0Þ
� gð0Þcdh

cd

�
þ Rcdðgð0ÞÞhcdhab � 2Rced

ðaðgð0ÞÞhbÞehcd � hcdrcrdh
ab þrdh

carch
db

þ gefð�Þgcdð�Þreh
carfh

db þ 1

2
gabð�Þgcdð�Þreh

fcrfh
ed � 2gcdð�Þgfðað�Þreh

bÞcrfh
ed

þ 1

8
ð2gagð�Þgbhð�Þ � gabð�Þgghð�ÞÞð2gcdð�Þgefð�Þ � gedð�Þgcfð�ÞÞrhh

edrgh
cf

� 2�

�
gð�Þ
gð0Þ

ðgabð�Þ � gð0ÞabÞ þ hab � 1

2
gð0Þabgð0Þcdh

cd

�
: (99)

Equation (98) is of the form

L abðhÞ ¼ �16�Sab: (100)

where Lab takes the form of a linear wave operator
acting on hab. Consequently, reintroducing our (arbitrarily
chosen) coordinates x� of the background spacetime, we
may rewrite (98) in the following equivalent integral form:

h��ð�; xÞ ¼ 4
Z
M
Gret

��
�0�0 ðx; x0ÞS�0�0 ð�; x0Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gð0Þðx0Þ

q
d4x0 þ h

��
homð�; xÞ; (101)

where Gret
��

�0�0 ðx; x0Þ is the retarded Green’s

function for Lab and h
��
hom is a solution to LabðhhomÞ ¼

0. We emphasize that (101) is not a solution to (98) since

the source S�� depends on h��. Rather, it is simply a
rewriting of (98) in an integral form.

B. Local Newtonian gravity

For the remainder of this section, we restrict attention to

the case where the background spacetime gð0Þab has FLRW

symmetry. It will be useful to work in coordinates where
the metric components are nonsingular. Thus, instead of
the more common choice of polar-type coordinates, we
will write the background metric in the form

dsð0Þ2 ¼ �d�2 þ a2ð�Þð1þ kðx2 þ y2 þ z2Þ=4Þ�2

� ½dx2 þ dy2 þ dz2�; (102)

where k ¼ 0;�1, depending on the spatial curvature.
The long-wavelength part of the leading order in � part

of habð�Þ is given by

�� ðLÞab � w- lim
�!0

hab

�
¼ �ðLÞab � 1

2
gð0Þab�ðLÞc

c: (103)

It follows directly from (95) that ��ðLÞab satisfies the Lorenz
gauge condition

ra ��
ðLÞab ¼ 0: (104)

The short-wavelength part of habð�Þ is given by

h ðSÞabð�Þ ¼ habð�Þ � � ��ðLÞab: (105)

By (98), it satisfies [in the notation of (100)]

L abðhðSÞð�ÞÞ ¼ �16�

�
Sabð�Þ � �w- lim

�0!0

Sabð�0Þ
�0

�
;

(106)

where the weak limit appearing in this equation exists by
virtue of assumption (v) of Sec. III. Note that Sabð�Þ still
depends on the full perturbation, i.e., hab cannot be re-

placed by hðSÞab in the expression for Sab. Equation (106)
can be rewritten in integral form as

hðSÞ��ð�;xÞ

¼ 4
Z
M
Gret

��
�0�0 ðx;x0Þ

�
S�

0�0 ð�;x0Þ��w- lim
�0!0

S�
0�0 ð�0; x0Þ
�0

�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gð0Þðx0Þ

q
d4x0 þh

ðSÞ
hom

��ð�;xÞ: (107)

Our aim for the remainder of this subsection is to argue
that—in the absence of gravitational radiation and under
suitable assumptions concerning the behavior of the matter

distribution Tabð�Þ—to leading order in �, hðSÞabð�Þ near
point x is described by Newtonian gravity, taking into
account only the matter distribution in a suitable local
neighborhood of x. However, in order to derive this con-
clusion, we must make significant additional assumptions
about our one-parameter family gabð�Þ, and severe diffi-
culties arise if one attempts to formulate these assumptions
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in a mathematically precise manner. The reason is that,
although there are simple, precise limits that one can take
of general relativistic spacetimes to obtain Newtonian
gravity [33,34], these limits would not be compatible
with our assumptions [unless hab ¼ Oð�2Þ], and thus
would not be suitable for our use. We believe that it should
be possible to concoct a mathematically consistent set
of assumptions that would enable us to rigorously justify
our conclusions below, but we do not see a simple and/or
elegant way of formulating such assumptions, and we do
not feel that it would be illuminating to attempt to derive
our results from a complicated list of technical assump-
tions whose intrinsic plausibility is not much greater than
that of the conclusions we wish to draw. Thus, in the
discussion below in this subsection, although we will
clearly indicate the nature of the assumptions that are
needed, we will not attempt to formulate all of our assump-
tions in a mathematically precise manner, and we will
thereby resort to plausibility arguments to obtain our
conclusions.

We are interested in obtaining hðSÞabð�Þ near a point x at
a time roughly corresponding to the present time in the
actual universe. We first argue that, although the retarded
Green’s function integral extends all the way back to the
‘‘big bang,’’ it should suffice to integrate only over
the ‘‘recent universe’’ (corresponding, say, to z � 1000
in the present, actual universe). There are two reasons
why this should be so: (1) The universe is expected to be
very nearly homogeneous and isotropic in the distant
past, so the source term ðSab � �w-lim�0!0½Sab=�0�Þ
should be negligibly small. (2) The nature of the retarded
Green’s function in an expanding universe is such as to
make the influence of distant sources small (on account of
redshift and intensity diminution). Similarly, we assume
that the gravitational radiation content of the present uni-
verse arising from the big bang is negligible. Consequently,

we discard the last term, h
ðSÞ��
hom , in (107). Thus, our integral

relation for hðSÞab becomes

hðSÞ��ð�; xÞ ¼ 4
Z
W

Gret
��

�0�0 ðx; x0Þ
�
S�

0�0 ð�; x0Þ

� �w- lim
�0!0

S�
0�0 ð�0; x0Þ
�0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gð0Þðx0Þ

q
d4x0;

(108)

where W is the (compact) region corresponding to the
recent universe (i.e., z � 1000 in the present, actual
universe).

Next, we argue that, in order to calculate hðSÞ�� to Oð�Þ
at x, it suffices to perform the integral in (108) only over a
small neighborhood V of x. In other words, we argue
that—for any fixed neighborhood, V , of x—as � ! 0,
the contribution to the integral in (108) from the region
x0 2 W nV should vanish faster than � as � ! 0, i.e.,

Z
W nV

Gret
��

�0�0 ðx; x0Þ
�
S�

0�0 ð�; x0Þ
�

� w- lim
�0!0

S�
0�0 ð�0; x0Þ
�0

�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gð0Þðx0Þ

q
d4x0 ! 0: (109)

To see this, we note that if Gret
��

�0�0 ðx; x0Þ were smooth

(and if the sharp boundaries of the region of integration
were replaced by smooth cutoff functions), then we would
be integrating the quantity ðS��=�� w-lim�0!0½S��=�0�Þ
with a test function. Since, clearly, the weak limit as � ! 0
of this quantity is 0, it follows immediately that (109)
would hold. Of course, Gret

��
�0�0 ðx; x0Þ is not smooth, so

(109) cannot be expected to hold without further restric-
tions on Sab. However, in a normal neighborhood of x, the
retarded Green’s function Gret

��
�0�0 ðx; x0Þ for the linear

operator Lab takes the form

Gret
��

�0�0 ðx; x0Þ ¼ U��
�0�0 ðx; x0Þ�þð
Þ

þ V��
�0�0 ðx; x0Þ�þð�
Þ; (110)

where U��
�0�0 ðx; x0Þ and V��

�0�0 ðx; x0Þ are smooth biten-

sors and 
 is the squared geodesic distance between x and
x0 (see [35] for details). Thus, apart from the singularity at
x0 ¼ x [which is excluded from the region of integration in
(109)], the singularities of Gret

��
�0�0 ðx; x0Þ are of the form

of a restriction to the past light cone [i.e., �þð
Þ] and a
cutoff at the past light cone [i.e., �þð�
Þ]. If Sab is not
rapidly varying with time (as should be the case under our
Newtonian assumptions below), these singularities should
be quite benign, so it seems not unreasonable that (109)
will hold under suitable assumptions.
We have argued that (109) should hold for an arbitrary

neighborhood V of x. However, the vanishing of the

contribution to hðSÞ��ð�; xÞ from outside of V to Oð�Þ
holds only in the limit as � ! 0, and the smaller we take
V , the smaller we must take � in order to get a good

approximation to hðSÞ��ð�; xÞ by integrating only over V .
At any finite �, we cannot take V to be arbitrarily small

and still get a good approximation to hðSÞ��ð�; xÞ. How
large must we take V at finite �?
To propose an answer to this question, we restrict con-

sideration to the case where the matter content satisfies
suitable Newtonian behavior (at least in the recent
universe). We shall assume that as � ! 0 we have

T00ð�Þ ¼ Oð1=�Þ, T0ið�Þ ¼ Oð1=�1=2Þ, and Tijð�Þ ¼
Oð1Þ, so that, for small �, the energy density is much
greater than the momentum density, and the momentum
density is much greater than the stress. In addition we shall
assume that spatial differentiation of components of the
stress-tensor results in blowup as � ! 0 that is a factor
of ��1 faster than the undifferentiated components [so,
e.g., @iT00ð�Þ ¼ Oð1=�2Þ], but that time differentiation

results in a blowup of only a factor of ��1=2 faster [so,

e.g., @0T00ð�Þ ¼ Oð1=�3=2Þ].
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We now introduce the notion of the scale of homoge-
neity, lð�; �0Þ, at cosmic time �0 as follows. First, we define
a fiducial window function which is to be used for averag-
ing. Fix a time interval �� � �0 and let VR;x0 to be the

‘‘cylinder,’’ centered at x0, of ‘‘height’’ �� and proper
spatial radius R. Let �R;x0ðxÞ be a smooth non-negative

function which is equal to one on VR;x0 , and falls rapidly to

zero outside of this region. Let H denote the ‘‘Hubble
volume’’ relative to x at time �0, i.e., the ball of proper
radius equal to the Hubble radius, RH, centered at point x.
We define

lð�; �0Þ ¼ inf

�
R:

��������
Z
ðT00ð�Þ � Tð0Þ

00 Þ�R;�0;x0

��������
<

��������
Z

Tð0Þ
00 �R;�0;x0

��������; 8 x0 2 H
�
: (111)

In other words l is the smallest radius such that averaging
over a ball of radius l centered at any point x0 lying
within the Hubble volume relative to x always yields

j��j=�ð0Þ < 1. Note that our definition of lð�; �0Þ depends
on our choice of ‘‘window function’’ �R;x0ðxÞ.

We now claim that lð�; �0Þ ! 0 as � ! 0 (and thus, in
particular, l is always finite at sufficiently small �). To
prove this, we note that if this result did not hold, we could
find an l0 > 0 and a sequence f�n:n 2 Ng converging to
zero, such that lð�n; �0Þ> l0 for all n 2 N. Consequently,
there would exist a sequence of points fxng 
 H such that��������

Z
ðT00ð�nÞ � Tð0Þ

00 Þ�l0;�0;xn

���������
��������
Z

Tð0Þ
00 �l0;�0;xn

��������: (112)

Since H is compact, there exists a subsequence—which
we also denote as fxng—converging to some z 2 H . By
the triangle inequality, we have��������
Z
ðT00ð�nÞ � Tð0Þ

00 Þ�l0;�0;z

��������
þ

��������
Z
ðT00ð�nÞ � Tð0Þ

00 Þ½�l0;�0;xn � �l0;�0;z�
��������

�
��������
Z

Tð0Þ
00 �l0;�0;xn

��������: (113)

Taking the limit as n ! 1, we see that the first term on the

left side vanishes because T00ð�Þ converges weakly to Tð0Þ
00

and the second term vanishes by the lemma of Sec. II. On
the other hand, the right side is bounded away from 0, thus
yielding a contradiction, thereby proving the desired result
that lð�; �0Þ ! 0 as � ! 0.

Returning to the question posed four paragraphs above,
since T00ð�Þ provides the dominant contribution to the
source term Sab, it seems clear that if, at finite �, V ð�Þ
is chosen to be so small that it does not include all source
contributions lying within a homogeneity scale lð�; �0Þ
about point x, then we cannot expect the source contribu-
tions from outside of V ð�Þ to consistently average to zero

to a good approximation. On the other hand, if V ð�Þ is of
order of the homogeneity scale or larger, then it seems
plausible that (with suitable additional assumptions) a

good approximation to hðSÞ��ð�; xÞ will be obtained.

Thus, we have argued that hðSÞ��ð�; xÞ should be well
approximated by

hðSÞ��ð�; xÞ ¼ 4
Z
V ð�Þ

Gret
��

�0�0 ðx; x0Þ
�
S�

0�0 ð�; x0Þ

� �w- lim
�0!0

S�
0�0 ð�0; x0Þ
�0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gð0Þðx0Þ

q
d4x0;

(114)

where V ð�Þ may be taken to be a cylinder centered at x
of proper spatial radius L and proper time height 2L,
where L * lð�; �0Þ. Note that in order to obtain the con-
clusion that we need only integrate over the local region
V ð�Þ, it is essential that we have removed the long-
wavelength part of h��.
We now assume that lð�; �0Þ � RC so that we can

choose L such that L � RC, where RC denotes the length

scale of curvature of the background metric gð0Þab (i.e., the

Hubble radius, assuming spatial curvature is negligible).
In the actual universe at the present time, we have
RC � 3000 Mpc and lð�; �0Þ & 100 Mpc, so we should
easily satisfy all required criteria with L� 100 Mpc. In
that case, it should suffice to take only the leading order
terms in the Hadamard expansion for U��

�0�0 and V��
�0�0

as well as the leading order approximation to 
 in the
Green’s function expression (110). This yields

Gret
��

�0�0 ð�; 0; �0; x0Þ

¼ �ð�
�0�

�Þ
�0
�ð�0 � �þ að�Þr0Þ

að�Þr0
þ V��

�0�0 ð�; 0; �; 0Þ�ð��0 þ �� að�Þr0Þ; (115)

where we have now put the field evaluation point x at the
spatial origin of our coordinate system (102). Since

V��
�0�0 ð�; 0; �; 0Þ is proportional to the curvature of gð0Þab ,

it is clear that the contribution of the second term will be
down by a factor of ðL=RCÞ2 from the first term, so we
neglect this contribution. We also neglect ‘‘retardation
effects,’’ i.e., the difference between evaluating the source

at time �� að�Þr0 and time �. Our formula (114) for hðSÞ��
then reduces to

hðSÞ��ð�;�;0Þ� 4
Z
d�0Z L=að�Þ

0

1

r0
ðS��ð�;�;x0Þ

��w- lim
�0!0

S��ð�0;�;x0Þ
�0 Þa2ð�Þr02dr0: (116)

Next, we assume that lð�; �0Þ not only goes to zero as
� ! 0 (as we have proven above) but is Oð�Þ as � ! 0,
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i.e., lð�; �0Þ=� remains bounded9 as � ! 0. Thus, if we
choose L such that L=� remains bounded as � ! 0, by
inspection of (116), it is then clear that terms in Sab that are
oð1=�Þ as � ! 0 will make only oð�Þ contributions to

hðSÞ��. However, we assumed above that as � ! 0,

we have T00ð�Þ ¼ Oð1=�Þ, T0ið�Þ ¼ Oð1=�1=2Þ, and
Tijð�Þ ¼ Oð1Þ. We now make a final, additional assump-

tion that terms of the form rcrdh
ab are Oð1=�Þ. In that

case, it follows immediately that tab is Oð1Þ as � ! 0 [see

(99)]. It then follows that to obtain hðSÞ�� toOð�Þ accuracy,
we need only take into account the contribution to Sab from
T00. Thus, to Oð�Þ accuracy, we obtain

hðSÞ00ð�; �; 0Þ ¼ 4
Z

d�0 Z L=að�Þ

0

1

r0
ðT00ð�; �; x0Þ

� Tð0Þ00ð�; x0Þ � �Tð1Þ00ð�; x0ÞÞa2ð�Þr02dr0
(117)

and hðSÞ�� ¼ 0 for all other components of hðSÞab. We write

� � �1
4h

ðSÞ00: (118)

Then �ðxÞ differs from the familiar formula for the gravi-
tational potential arising in ordinary Newtonian gravity
due to the matter lying within a ball of proper radius L
about x only in the following ways: (a) There is a factor of
a2ð�Þ in (117), which arises from the trivial scaling differ-
ence between the spatial coordinates of (102) and ordinary

Cartesian coordinates. (b) Tð0Þ00 is subtracted in the inte-
grand of (117) because the FLRW time slicing differs from
a locally Minkowskian time slicing (see Sec. IA of [3]);

equivalently, the effects of Tð0Þ00 have already been taken
into account via the dynamics of the FLRW background.

(c) �Tð1Þ00 is subtracted in the integrand of (117) because

its effects were already taken into account by �ðLÞ
ab . As

discussed above, this subtraction of �Tð1Þ00 gives the
integral much better convergence properties. Thus,
we conclude that the leading order short-wavelength

deviation from the FLRW background gð0Þab is described

by Newtonian gravity, taking into account only the matter
distribution lying within a region about x whose size is of
order the homogeneity length scale.

The motion of matter is given by

0¼rað�ÞTabð�Þ
¼raT

abð�ÞþCa
acð�ÞTcbð�ÞþCb

acð�ÞTacð�Þ: (119)

We may write

Ca
bcð�Þ ¼ CðSÞa

bcð�Þ þ �Cð1Þa
bc; (120)

where, to leading order in wave-map gauge, we have

CðSÞ0
0i ¼ ri�; (121)

CðSÞi
00 ¼ ri�; (122)

CðSÞi
jk ¼ gð0Þjk ri�� 2�i

ðjrkÞ� (123)

(with other components zero), and

Cð1Þa
bc ¼ 1

2g
ð0Þcdfra�

ðLÞ
bd þrb�

ðLÞ
ad �rd�

ðLÞ
ab g: (124)

The dominant terms in (119) arise from CðSÞi
00ð�ÞT00ð�Þ

and correspond to the ordinary Newtonian gravitational
effects on the motion of matter. Although, for small �,

the contributions from Cð1Þa
bc will be much smaller than

those arising from �, it is important not to discard the

terms in Cð1Þa
bc since they can produce large-scale, coher-

ent motions.

C. Behavior of �ðLÞ
ab with dust source

In this subsection, we will simplify the rather compli-

cated equations for �ðLÞ
ab derived in Sec. III under the

assumption that hðSÞabð�Þ is of ‘‘Newtonian form.’’ More
precisely, we assume that the following quantities are
uniformly bounded as � ! 0:

1

�
hðSÞ00;

1

�1=2
r0h

ðSÞ00; rih
ðSÞ00;

1

�
r0h

ðSÞ0j;

1

�1=2
rih

ðSÞ0j;
1

�
rih

ðSÞjk: (125)

The remaining components (hðSÞ0i, hðSÞij, and r0h
ðSÞij) are

assumed to be oð�Þ. These assumptions can be justified
by generalizations of the arguments made in the previous
subsection, but here we will simply assume that they are
valid.
We will also assume that the matter stress-energy takes

the form of ‘‘dust’’

Tabð�Þ ¼ �ð�Þuað�Þubð�Þ; (126)

where uað�Þ has norm �1 with respect to the metric
gabð�Þ, and �ð�Þ � 0. (Recall that we have incorporated
a cosmological constant into Einstein’s equation, so the
possible presence of dark energy of that form has already
been taken into account. This assumption of the dust form
of the stress-energy tensor as opposed to a more general
form of nonrelativistic matter is made here mainly for
the purpose of obtaining definite equations involving
familiar quantities.) We further assume that as � ! 0,

uað�Þ converges uniformly to uð0Þa, where in the coordi-

nates of (102), we have uð0Þ� ¼ ð1; 0; 0; 0Þ. Note that since
uað�Þ ! uð0Þa uniformly as � ! 0, it follows by our lemma
of Sec. II and the positivity of �ð�Þ that

9This precludes behavior wherein, e.g., T00ð�Þ is Oð1Þ as
� ! 0 but its scale of spatial variation goes as �1=2 rather than
�. Such behavior would not be excluded by our previous
assumptions.
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Tð0Þ
ab ¼ �ð0Þuð0Þa uð0Þb ; (127)

where �ð0Þ ¼ w-lim�!0�ð�Þ.
Let vað�Þ denote the peculiar velocity of the dust rela-

tive to the ‘‘Hubble flow’’ uð0Þa, i.e., vað�Þ is the projection
of uað�Þ orthogonal to uð0Þa in the metric gð0Þab . In accord

with usual Newtonian limits, we assume that vað�Þ=�1=2 is
uniformly bounded as � ! 0. It follows that

uað�Þ ¼ ð1þ 1
2hcdð�Þuð0Þcuð0Þd þ 1

2vcð�Þvcð�ÞÞuð0Þa
þ vað�Þ þ oð�Þ; (128)

or, equivalently,

uað�Þ ¼ gabð�Þubð�Þ
¼ ð1þ 1

2hcdð�Þuð0Þcuð0Þd þ 1
2vcð�Þvcð�ÞÞuð0Þa

þ vað�Þ þ habð�Þuð0Þb þ oð�Þ: (129)

The results we shall now derive in this subsection will be
rigorous consequences of the assumptions that have been
stated above. We shall first show that, under the above

assumptions,10 the quantities �abcdef, !ð1;�Þ
abcdefgh, and

�ð1Þ
abcde all vanish, so all of the ‘‘backreaction tensors’’

that appear in the equations for �ðLÞ
ab of Sec. III vanish,

except for �ð1Þ
abcdef and 	ð1Þ

abcd.

Taking the weak limit of hcd times (98) [or, equivalently,
using (28) directly] we find that our Newtonian assump-
tions imply

w- lim
�!0

@i�@i� ¼ 0; (130)

where�was defined by (118). Since the spatial metric gð0Þij

is positive definite, this implies that for any test function f,

we have k@iðf�ÞkL2 ! 0 as � ! 0. Now, hðSÞab ¼ hðSÞab �
1
2 g

ð0Þ
abh

ðSÞc
c þOðhhÞ, so the only possible contributions to

!ð1Þ
abcdefgh come from terms proportional to

w- lim
�!0

1

�
�@i�@j�: (131)

Let f be any test function, and let g be a non-negative
test function which is equal to 1 on the support of f. Then
we have

��������
Z �

w- lim
�!0

1

�
�@i�@j�

�
fd4x

��������
¼

��������lim
�!0

Z 1

�
�@i�@j�fd4x

��������
¼

��������lim
�!0

Z 1

�
�@i�@j�fg2d4x

��������
� Clim

�!0

Z
j@iðg�Þ@jðg�Þjd4x

� Clim
�!0

k@iðg�ÞkL2k@jðg�ÞkL2 ¼ 0: (132)

Thus, we have!ð1Þ
abcdefgh ¼ 0. Similar arguments show that

�abcdef ¼ 0. Finally, �ð1Þ
abcde can only depend on terms

proportional to

w- lim
�!0

1

�
�@i� ¼ w- lim

�!0
@i

�
�2

2�

�
¼ 0; (133)

so it vanishes as well, as we desired to show. With this
simplification, (87) reduces to

� 1
2rcrc ��

ðLÞ
ab þ Ra

cd
bðgð0ÞÞ ��ðLÞ

cd þ Rd
ðaðgð0ÞÞ ��ðLÞ

bÞd

þ 1
2g

ð0Þ
abR

cdðgð0ÞÞ ��ðLÞ
cd � 1

2Rðgð0ÞÞ ��ðLÞ
ab

þ�ð ��ðLÞ
ab � 1

2g
ð0Þ
ab ��

ðLÞc
cÞ

¼ 8�Tð1Þ
ab þ �ð1Þ

a
c
b
d
cd � 2�	ð1Þ

ab
c
c � 8�	ð1Þ

ða
c
bÞc

þ 2�gð0Þabf	ð1Þc
c
d
d � 	ð1Þcd

cdg: (134)

where ��ðLÞ
ab ¼ �ðLÞ

ab � 1
2 g

ð0Þ
ab�

ðLÞc
c, and where we have used

the wave-map gauge condition, ra ��ðLÞ
ab ¼ 0 [see (104)].

Next, we evaluate 	ð1Þ
abcd. With our above assumptions of

slowly moving dust matter, we have

	ð1Þ
abcd ¼ w- lim

�!0

1

�
hðSÞab ð�Þ�ð�Þuað�Þubð�Þ

¼ uð0Þc uð0Þd w- lim
�!0

1

�
hðSÞab ð�Þ�ð�Þ: (135)

The second equality follows from our lemma of Sec. II

because ½ucð�Þ � uð0Þc �hðSÞab ð�Þ=� ! 0 uniformly as � ! 0
and �ð�Þ � 0. Using the Newtonian assumption that all
components, except for the time-time component, of

hðSÞab ð�Þ=� converge uniformly to zero as � ! 0, the lemma

of Sec. II tells us furthermore that the only nonvanishing

components of 	ð1Þ
abcd are

	ð1Þ
0000 ¼ �2w- lim

�!0

1

�
�ð�Þ�ð�Þ; (136)

	ð1Þ
ij00 ¼ �2gð0Þij w- lim

�!0

1

�
�ð�Þ�ð�Þ: (137)

To evaluate �ð1Þ
abcdef, it is more convenient to work with

the quantity

10In fact, we can show, without any Newtonian assumptions or

gauge choice, that if tð0Þab ¼ 0, then �abcdef ¼ 0 and !ð1;�Þ
abcdefgh ¼

0. However, this is not enough to tell us anything about �ð1Þ
abcde or

the other components of �abcdef or !ð1Þ
abcdefgh.
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�� ð1Þ
ab

cdef � w- lim
�!0

1

�
½rðahðSÞcdrbÞhðSÞef

� w- lim
�0!0

ðrðahðSÞcdrbÞhðSÞefÞ�

¼ w- lim
�!0

1

�
½rah

ðSÞcdrbh
ðSÞef�; (138)

where the second equality follows by the same type of

argument as used above to show the vanishing of!ð1Þ
abcdefgh.

Since hðSÞab ¼ h
ðSÞ
ab � 1

2g
ð0Þ
abh

ðSÞc
c þOðhhÞ, it is not difficult

to see that ��ð1Þ
abcdef can be expressed straightforwardly in

terms of �ð1Þ
abcdef and vice versa. Our Newtonian assump-

tions (125) directly imply that the only potentially nonzero

components of ��ð1Þ
abcdef are

��ð1Þ
000000; ��ð1Þ

0i0000; ��ð1Þ
0i000j; ��ð1Þ

ij0000;

��ð1Þ
ij000k; ��ð1Þ

ij00kl; ��ð1Þ
ij0k0l; (139)

together with the components related to these by symme-

tries. However, it also follows that ��ð1Þ
ij00kl ¼ 0, since��������

Z
f ��ð1Þ

ij00kld
4x

�������� ¼
��������lim

�!0

Z
f
1

�
rih

ðSÞ
00rjh

ðSÞ
kl d

4x

��������
� Clim

�!0

Z
jfrih

ðSÞ
00 jd4x

� C0 lim
�!0

kriðf�ÞkL2 ¼ 0; (140)

where in the second line we used that fact that rjh
ðSÞ
kl =� is

uniformly bounded as � ! 0.

To further simplify ��ð1Þ
abcdef, we now appeal to (86). With

the simplifications arising from the vanishing of �abcdef,

!ð1;�Þ
abcdefgh, and �ð1Þ

abcde together with the wave-map gauge

condition rah
ðSÞab ¼ 0 [see (95)], we obtain

1
4 ��ð1Þe

eabcd ¼ 4�	ð1Þ
cdab � 2�gð0Þcd	

ð1Þe
eab: (141)

From the form we have derived above for 	ð1Þ
abcd, it follows

immediately that

�� ð1Þi
i0j0k ¼ ��ð1Þa

a0j0k ¼ 0: (142)

Again by the positive definiteness of the spatial metric, it

follows that kriðfhðSÞ0j Þ=�1=2kL2 ! 0 as � ! 0, which im-

plies ��ð1Þ
ij0k0l ¼ 0 as well. By using similar Schwartz

inequality-type arguments, it also follows that ��ð1Þ
ij000k ¼

0. The wave-map gauge conditionrah
ðSÞab ¼ 0 then yields

��ð1Þ
0i000j ¼ ��ð1Þk

i0k0j ¼ 0;

��ð1Þ
0i0000 ¼ ��ð1Þj

i0j00 ¼ 0;

��ð1Þ
000000 ¼ ��ð1Þi

00i00 ¼ 0:

(143)

The only nonvanishing components which remain are

�� ð1Þ
ij0000 ¼ 16�ij; (144)

where

�ij � w- lim
�!0

1

�
ri�rj�: (145)

Furthermore, by (141) and our previous expression for

	ð1Þ
abcd, we obtain

�i
i ¼ �4�w- lim

�!0

1

�
�ð�Þ�ð�Þ: (146)

Finally, expressing �ð1Þ
abcdef in terms of ��ð1Þ

abcdef, we find

that the nonvanishing components of �ð1Þ
abcdef are

�ð1Þ
ij0000 ¼ 4�ij; (147)

�ð1Þ
ijkl00 ¼ 4gð0Þkl �ij; (148)

�ð1Þ
ijklmn ¼ 4gð0Þkl g

ð0Þ
mn�ij: (149)

Next, we consider Tð1Þ
ab . We have

Tð1Þ
ab ¼ w- lim

�!0

1

�
ðTabð�Þ � Tð0Þ

ab Þ ¼ w- lim
�!0

1

�
ð�ð�Þuað�Þubð�Þ � �ð0Þuð0Þa uð0Þb Þ

¼ w- lim
�!0

1

�
ð½�ð�Þ � �ð0Þ�uð0Þa uð0Þb þ �ð�Þvað�Þvbð�Þ þ 2�ð�Þuð0Þða vbÞð�Þ

þ �ð�Þuð0Þa uð0Þb ½hcdð�Þuð0Þcuð0Þd þ vcð�Þvcð�Þ� þ 2�ð�Þuð0Þcuð0Þða hbÞcð�ÞÞ
¼ �ð1Þuð0Þa uð0Þb þ pð1Þ

ab þ 2uð0Þða P
ð1Þ
bÞ þ uð0Þa uð0Þb 	ð1Þcd

cd þ �ð0Þuð0Þa uð0Þb uð0Þcuð0Þd�ðLÞ
cd þ uð0Þa uð0Þb pð1Þc

c

þ 2	ð1Þc
ðabÞc þ 2�ð0Þuð0Þcuð0Þða �

ðLÞ
bÞc

¼ �ð1Þuð0Þa uð0Þb þ 2uð0Þða P
ð1Þ
bÞ þ pð1Þ

ab þ uð0Þa uð0Þb pð1Þc
c þ uð0Þa uð0Þb 	ð1Þcd

cd þ 2	ð1Þc
ðabÞc þ uð0Þa uð0Þb Tð0Þcd ��ðLÞ

cd

þ 2Tð0Þc
ða ��

ðLÞ
bÞc �

1

2
Tð0Þ
ab ��ðLÞc

c: (150)
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Here, we have introduced the quantities

�ð1Þ � w- lim
�!0

½�ð�Þ � �ð0Þ�=�; (151)

Pð1Þ
a � w- lim

�!0
�ð�Þvað�Þ=�; (152)

and

pð1Þ
ab � w- lim

�!0
�ð�Þvað�Þvbð�Þ=�: (153)

Now, for a pressureless fluid, �ua is a conserved current,
whose integrated flux through a spacelike hypersurface can
be interpreted as (proportional to) the ‘‘number of parti-
cles’’ (often referred to as the ‘‘number of baryons’’) in the

fluid. The perturbation, �ð1Þ
M , of the density (relative to the

background metric gð0Þab) of particles on a � ¼ const hyper-
surface is given by

�ð1Þ
M �ð0Þabc � w- lim

�!0

1

�
½Tdeð�Þudð�Þneð�Þ�abcð�Þ

� Tð0Þ
de u

ð0Þdnð0Þe�ð0Þabc�; (154)

where nað�Þ and �abcð�Þ are the unit normal and 3-volume

of the hypersurface in the metric gabð�Þ and nð0Þa and �ð0Þabc

are the corresponding quantities for gð0Þab . We obtain

�ð1Þ
M ¼ �ð1Þ þ 1

2
pð1Þi

i þ
3

4�
�i

i þ
1

2
�ð0Þ

�
��ðLÞ
00 � 1

2
��ðLÞc

c

�
:

(155)

We now return to our perturbation equation (134) for

��ðLÞ
ab . We use the above explicit expressions for 	ð1Þ

abcd and

�ð1Þ
abcdef, we use (150) to substitute for Tð1Þ

ab , and we use

(155) to eliminate �ð1Þ in favor of �ð1Þ
M . Bringing all terms

explicitly involving ��ðLÞ
ab to the left side and using the

background Einstein equation, we obtain

� 1
2rcrc ��

ðLÞ
ab þ Ra

cd
bðgð0ÞÞ ��ðLÞ

cd þ 1
2g

ð0Þ
abR

cdðgð0ÞÞ ��ðLÞ
cd

� 1
2�gð0Þab ��

ðLÞc
c � 4�Tð0Þ

ab ��ðLÞ
cd u

ð0Þcuð0Þd

� 8�Tð0Þc
ða ��

ðLÞ
bÞc þ 2�Tð0Þ

ab ��ðLÞc
c

� 8��ab; (156)

where the components of �ab are explicitly given by

�00 ¼ �ð1Þ
M þ 1

2
pð1Þi

i �
1

8�
�i

i; (157)

�0i ¼ Pð1Þ
i ; (158)

�ij ¼ pð1Þ
ij þ 1

4�
�ij � 1

8�
gð0Þij �

k
k: (159)

This expression for the ‘‘effective perturbed stress-energy’’
of matter agrees with the expression obtained by [28] (see
also [21]).

All of the terms on the left side of (156) together with the

terms �ð1Þ
M and Pð1Þ

i appearing in �ab would be present in
ordinary linearized perturbation theory. We previously
showed in Sec. II that, in the absence of gravitational
radiation, small-scale inhomogeneities cannot affect the
dynamics of the background metric. We now see that,
under the assumptions stated at the beginning of this sub-
section, the only effect that small-scale inhomogeneities
have on long-wavelength perturbations is to add the terms

involving pð1Þ
ij and �ij to the effective perturbed stress-

energy �ab. These additional terms provide precisely the
contributions to the energy density and stresses that one
would expect from kinetic motions and Newtonian gravi-
tational potential energy and stresses. In particular, for the
energy density, these terms have the effect of shifting the
proper mass density appearing in the FLRW background to
an ‘‘ADM mass density’’ (to first order in �). Although the
presence of these terms is very important as a matter of
principle, they should be extremely small compared with

�ð1Þ
M (and even with Pð1Þ

i ).
Finally, we note that although we have written (156) in

wave-map gauge (104), we may use the gauge freedom
with respect to smooth, one-parameter groups of
diffeomorphisms discussed in the paragraph below (87)

to impose any other desired gauge condition on �ðLÞ
ab .

Since the left side of (156) together with the terms �ð1Þ
M

and Pð1Þ
i in �ab have the same gauge transformation prop-

erties as in ordinary linearized perturbation theory, these
terms will take the same form as in ordinary linearized
perturbation theory when transformed to the new gauge.

On the other hand, the terms in �ab involving�ij and p
ð1Þ
ij

are gauge invariant under the transformations induced by a
smooth, one-parameter group of diffeomorphisms. This
enables one to write down the form of (156) in other
gauges.

V. APPLICABILITY OF OUR FORMALISM
TO THE REAL UNIVERSE

In this paper, we have developed a formalism that en-
ables one to take full account of small-scale nonlinearities
in Einstein’s equation. This formalism is, in essence, an
adaptation of Burnett’s formulation of the ‘‘shortwave
approximation’’ for analyzing the self-gravitating effects
of short-wavelength gravitational radiation. The key idea
of our formalism is to consider an idealized, one-parameter
family of metrics, gabð�Þ, with the property that, as � ! 0,

the deviation of gabð�Þ from a background metric gð0Þab goes

to zero in proportion to �, but the scales over which the
metric and stress-energy vary also go to zero in proportion
to �. In principle, this allows the small-scale nonlinear
terms in Einstein’s equation to have a significant effect

on the large-scale dynamics of gð0Þab . However, we proved in

Sec. II that the only such effects that can actually arise
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correspond to the presence of an effective stress-energy
associated with gravitational radiation. No new effects can
arise from the presence of matter (provided that the matter
satisfies the weak energy condition), and no effects can
arise that in any way mimic dark energy.

In Secs. III and IV, we applied our formalism to analyze

the leading order deviations of gabð�Þ from gð0Þab . Within

our formalism, these deviations can naturally be split into
long-wavelength and short-wavelength parts. The long-
wavelength part satisfies a modified version of the usual
linearized perturbation equation. We argued that, in the
case of cosmological perturbations with nearly Newtonian
sources, the short-wavelength part of the leading order

deviation of gabð�Þ from gð0Þab is described by Newtonian

gravity, taking into account only the local matter
distribution.

However, our actual universe is not an idealized limit of
spacetimes with inhomogeneities on arbitrarily small
scales, but is a particular spacetime with finite amplitude,
finite wavelength deviations from a FLRW model.
Quantities in our formalism like the ‘‘long-wavelength

perturbation,’’ �ðLÞ
ab , are defined by taking weak limits as

� ! 0. How do quantities like �ðLÞ
ab that arise in our formal-

ism correspond to quantities observed in the actual uni-
verse? Furthermore, to what extent are we justified in
applying our results to the actual universe, i.e., how do
we know whether the actual universe is sufficiently
‘‘close’’ to the idealized limit considered in our formalism
that results derived using our formalism should hold to a
good approximation?

The above questions can also be asked in the context of
ordinary linearized perturbation theory. In this context, one
also deals with a limit of a one-parameter family of metrics
gabð�; xÞ [now assumed to be jointly smooth in ð�; xÞ] and
the formalism obtains results for idealized quantities like
@gabð�; xÞ=@�j�¼0. Nevertheless, in the case of ordinary
perturbation theory, the above questions can be answered
in a relatively straightforward manner. In an actual (‘‘finite
�’’) spacetime with metric gab, one may introduce a

background metric gð0Þab and identify the difference, hab ¼
gab � gð0Þab , with �@gabð�; xÞ=@�j�¼0. A fundamental crite-

rion for the validity of ordinary perturbation theory is that

jh��j � 1 in some orthonormal basis of gð0Þab . However, we

also need to satisfy conditions that state that first and
second spacetime derivatives of h�� are sufficiently

‘‘small,’’ since these quantities appear in the nonlinear
terms that are being neglected in Einstein’s equation. In
particular, the criteria for the applicability of ordinary
linear perturbation theory cannot be satisfied in a cosmo-
logical spacetime with j��j>�0, as occurs in the real
universe. Indeed, it is for this reason that we have devel-
oped the formalism of this paper. It should be noted that
even in the case of spacetimes that do satisfy the basic
criteria for the validity of ordinary linear perturbation

theory, it would be very difficult to obtain precise error
estimates for this approximation.
If one wishes to apply the formalism of this paper to a

particular spacetime, such as our universe, it also is neces-

sary to introduce a background metric gð0Þab . As in ordinary

perturbation theory, it is essential that the difference,

hab ¼ gab � gð0Þab , satisfy jh��j � 1 in some orthonormal

basis of gð0Þab . The main advantage of our formalism over

ordinary perturbation theory is that it imposes much
weaker restrictions on spacetime derivatives of h��.

In particular, for cosmological spacetimes, it allows
j��j � �0 on small scales. However, it is clear that
some further restrictions in addition to jh��j � 1 must

hold for the results derived using our formalism to be a
good approximation. Although it would be extremely dif-
ficult to formulate mathematically precise criteria for the
validity of applying our formalism to a given spacetime—
much more difficult than for ordinary perturbation
theory—we now shall propose a rough criterion for its
validity.
In essence, taking the weak limit as � ! 0 of quantities

that arise in our formalism corresponds to taking spacetime
averages of these quantities over arbitrarily small regions
of spacetime before letting � ! 0. For a given, fixed space-
time, such as our universe, the weak limits in our formal-
ism should thus be identified with spacetime averages over

small regions. Thus, for example, the quantity ��ðLÞ
ab ðxÞ

[where �ðLÞ
ab � w-lim�!0habð�Þ=�] should be identified

with the spacetime average of hab over a suitable region,
Rx, centered on x. In order that the spacetime under
consideration be ‘‘sufficiently close’’ to the idealized limit
� ! 0 of our formalism that our results should apply, it is
necessary that Rx be small compared with the curvature

scale, RC, of g
ð0Þ
ab ; indeed, the notion of ‘‘averaging’’ would

be highly ambiguous if this were not the case. However, it
also is necessary that Rx be large enough that our pertur-

bative approximations should apply. In particular, ��ðLÞ
ab

must satisfy the same ‘‘smallness’’ conditions as required
in ordinary linearized perturbation theory, i.e., its space-
time derivatives must be appropriately small. Similarly, the

perturbative quantity �Tð1Þ
00 [see (78)] should correspond to

the spacetime average of T00 � Tð0Þ
00 . In order that our

approximations should apply, we must choose Rx large

enough that j�Tð1Þ
00 j � Tð0Þ

00 .

The condition that the spacetime average of T00 � Tð0Þ
00

be less than Tð0Þ
00 was considered in Sec. IVB above and

used to define the homogeneity scale, l [see (111)]. Similar
‘‘homogeneity scales’’ can be defined for all other ‘‘long-
wavelength’’ quantities arising in the analysis of Sec. III.
Since our averaging region must be large compared with
these homogeneity scales but small compared with the
scale of the curvature of the background metric, it is clear
that a necessary condition for the applicability of our
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formalism is that these homogeneity scales be small com-
pared with the curvature of the background metric. We
believe that this condition, together with jh��j � 1,

should also be sufficient for the applicability of our formal-
ism, since it should guarantee the appropriate smallness of
all long-wavelength perturbative quantities.

In the case of our universe, it seems reasonable to
assume that the only relevant homogeneity scale is the
density homogeneity scale, l, defined by (111). In the
present universe, we have l & 100 Mpc whereas the scale
of the curvature of the background metric (i.e., the present
Hubble radius) is of order RC � 3000 Mpc. Thus l � RC.
In addition, common-sense estimates indicate that,
except in the immediate vicinity of black holes or neutron
stars, we have jh��j � 10�5. Thus, if we define ‘‘long-

wavelength perturbations’’ by averaging on scales of
order L� 100 Mpc, the criteria we have proposed for
the validity of our approximations should be satisfied.
Consequently, we believe that the results of this paper
should be applicable to our universe to an excellent
approximation.

If this is the case, then the following conclusions can be
drawn: (1) As shown in Sec. II, the only effect that small-
scale inhomogeneities can have on the leading (i.e., zeroth)
order large-scale dynamics of our universe is that of a
P ¼ 1

3� fluid, corresponding to the presence of gravita-

tional radiation. In particular, small-scale inhomogeneities
cannot mimic the effects of dark energy. (2) The deviation,
hab, of the metric from a FLRW model can be broken up
into long-wavelength and short-wavelength parts. The
long-wavelength part corresponds in our universe to aver-
aging hab over a spatial scale of order L� 100 Mpc. As
analyzed fully in Secs. III and IVC, it satisfies a linear
equation with an additional source term due to the short-
wavelength part. As argued in Sec. IVB, the short-
wavelength part should be described by Newtonian gravity,
taking into account only the matter within a proper

distance of order L� 100 Mpc of the point under
consideration.
Thus, the analysis of this paper goes a long way towards

justifying many of the key assumptions made in cosmol-
ogy. In particular, if the matter in the universe is
nonrelativistic, it suggests that to calculate structure for-
mation in the universe on all scales—from the Hubble
radius or larger down to arbitrarily small scales—it should
be a good approximation to evolve the long-wavelength
part of the deviation of the metric from a FLRW model by
(156), to calculate the short-wavelength part by (117), and
to calculate the motion of the matter by (119) together with
(120)–(124).
In addition, our analysis suggests how further improve-

ments can be made to get more accurate approximations.
To improve upon the description of the long-wavelength
part of the deviation of the metric from a FLRW model,
one could go to higher order perturbation theory. In par-

ticular, the second order correction to �ðLÞ
ab would be de-

fined in our framework by

�ð2Þ
ab ¼ w- lim

�!0

gabð�Þ � gð0Þab � ��ðLÞ
ab

�2
; (160)

assuming, of course, that this weak limit exists. The equa-

tions satisfied by �ð2Þ
ab—taking full account of the small-

scale inhomogeneities—could be derived by the methods
used in Sec. III. The description of the short-wavelength
part of the deviation of the metric from a FLRW model
could be improved by a more accurate treatment of the
integral relation (108). However, the investigation of such
improvements is beyond the scope of this paper.
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